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D(R(θ))= e−iJ ·Ωθ/~ =

(

1− i J ·Ω
η

δθ

)N

, δθ =
θ

N

lim
N→∞

(

1− x

N

)N

= e−x

[J2, Jz] = 0

J2|j , m〉= λJ |j , m〉

Jz |j , m〉=m ~ |j , m〉

J−J+ =J2−Jz(Jz + 1)

0 = J+|j , mmax〉⇒λj −mmax(mmax + 1)= 0

λj −mmin(mmin − 1)= 0

mmin =−mmax

λj = j(j + 1)

m =− j ,− j + 1,� , j − 1, j

j is an integer or an half integer.

〈j , m|J−J+|j , m〉= ~
2 (j(j + 1)−m(m + 1))〈j , m|j , m〉

J+|j , m〉= ~ j(j + 1)−m(m + 1)
√

|j , m + 1〉

J−|j , m〉= ~ j(j + 1)−m(m− 1)
√

|j , m− 1〉

j = 1/2. J2 = j(j +1)=
1

2
· 3

2
=

3

4
.

|J |= 3/4
√

. Jz =− 1

2
, +

1

2
.

Spin 1: J2 =1(1 + 1) =2.

Limit j→∞. J2→ ~2 j (j + 1)≈~2j2.

[Ji, Jj] = ~ i εijk Jk

L = r × p

[Li, Lj] = i ~εijk Lk

R2 = x2 + y2 + z2

[

R2, L2
]

=0,
[

R2, Lz

]

= 0

|R2, L2, Lz〉 Spherical harmonics

|p〉 Fourier transforms
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How does J relate to spherical coordinates?

Lk =
∑

ij

εkij ri pj

(x, y, z)= r(sin θ cos ϕ, sin θ sin ϕ, cos θ)

Li = i εijk xj
∂

∂xk

= i εijk xj

(

∂yl

∂xk

)

∂

∂yl

= i εijk xj

(

∂(x1, x2, x3)

∂(y1, y2, y3)

)

lk

−1
∂

∂yl

4π

3

√

r Y1
0(θ, ϕ)= z

4π

3

√

r
(

Y1
1 +Y1

−1
) 1

2
√ = x

|j1, m1〉 ⊗ |j2, m2〉. {|j1, j2, m1, m2〉}=basis for Hilbert space.

D(RΩ(θ))

[

|α1〉⊗ |α2〉
]

=(D1(R) |α1〉)⊗ (D2(R) |α2〉) = (D1(R)⊗D2(R) )(|α1〉⊗ |α2〉)

(2× 2)⊗ (3× 3)= (6× 6).

D(δθ)= exp

(

− i J1 ·Ω δθ

~

)

⊗ exp

(

− i J2 ·Ω δθ

~

)

=

(

I− i J1 ·Ω δθ

~

)

⊗ exp

(

I− i J2 ·Ω δθ

~

)

=

= I⊗ I− i J1 ·Ω δθ

~
⊗ I− I⊗ i J2 ·Ω δθ

~
+� =

= I6×6− i (J1⊗ I+ I⊗J2) ·Ω δθ

~

= I− i Jtot⊗Ω
δθ

~

Jtot = J1⊗ I+ I⊗J2 =
[

this is sloppilywritten as] = J1 +J2
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