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[Ii, Ij] = i εijkIk

〈RΩ(θ)x|ψ〉= 〈x|D(RΩ(θ))|ψ〉

D(R1)D(R2)=D(R1R2): group property

D(R−1) =D†(R): unitary

RΩ(θ)= e−iΩ·Iθ

D(RΩ(θ)) = e−i
∑

i
D(Ii)Ωiθ/~≡ eiJ ·Ωθ/~

Lie Algebra for the rotations:

[Ji, Jj] = i ~ εijkJK

Two-dimensoinal representation of rotations:

S =
~

2
σ , σx =

(

0 1
1 0

)

, σy =

(

0 −i
i 0

)

, σz =

(

1 0
0 − 1

)

[σi, σj] = 2 i εijkσk

[Si, Sj] = i ~ εijkSk

{σi, σj}= 2 δij

α=α1σ1 +α2σ2 +α3σ3

Pauli-matrix algebra

α β =α · β+ i α× β

|Ω|=1, Ω
n =

{

1, n even

Ω, n odd

D(RΩ(θ)) = e−iΩ·σθ/2 = 1+
−i

2
Ω θ−

θ2

4
+

i

6
Ωθ3 +� = cos

θ

2
− iΩ sin

θ

2

Rot(3D)∼ SU(2).
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Spin-statistics: Fermon� half integer spin. Boson� integer spin.

[Ji, Jj] = i ~ εijkJk

J2 = Jx
2 + Jy

2 + Jz
2

[

J2, Jz

]

=0

J2|j ,m〉=λJ |j ,m〉

m|j ,m〉= ~m|j ,m〉

〈j ,m|D(RΩ(θ))|j ′,m′〉= δjj ′

dm,m′

j (RΩ(θ))

〈j ,m|eiJ ·Ωθ/~|j ′,m′〉=0 if j � j ′

J+ = Jx + i Jy, J−=Jx − i Jy, J−
† =J+

[J+, J−] = 2 ~ Jz

[Jz, J±] =± ~ J±

[

n, a†
]

= + a†

[n, a] =− a

JzJ+|j ,m〉= (m+ 1)~ J+|j ,m〉

JzJ−|j ,m〉= (m− 1)~J−|j ,m〉

(J+J−+J−J+)=
1

2

(

Jx
2 + Jy

2
)

J2− Jz
2 =

1

2
(J+J−+J−J+)

〈j ,m|J2− Jz
2|j ,m〉=

1

2
(〈j ,m|J+J−|j ,m〉+ 〈j ,m|J−J+|j ,m〉)=

=
1

2

(

|J−|j ,m〉|
2
+ |J+|j ,m〉|

2
)

λj
2
>m2 > 0
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Since λj
2>m2, ∃mmax: J+|mmax〉= 0, J−|mmin〉= 0.
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