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3.14 a) J
2 = Jz

2 + J+J−− ~ Jz

J
2 =Jx

2 +Jy
2 + Jz

2

J±=Jx ± i Jy ⇒ Jx =
1

2
(J+ + J−), Jy =

1

2 i
(J+−J−)

J2 =
1

4

{

(J+ + J−)
2− (J+−J−)

2 + 4Jz
2
}

=
1

2
{J+J−+ [J−, J+] + J+J−}+ Jz

2 =

= J+J−− 2~ Jz

2
+ Jz

2 = Jz
2 + J+J−− ~Jz

b) J−ψj,m = c−ψj,m−1.

〈j ,m|J+J−|j ,m〉= |c−|2

J+J−= J
2− Jz

2 + ~ Jz

〈j ,m|
(

J
2−Jz

2 + ~ Jz

)

|j ,m〉=

= ~
2 j (j+ 1)− (m ~)2 + ~ · ~m〈j ,m|j ,m〉�

=1

= |c−|2

c−= ~ j (j+1)−m2 +m
√

3.16 〈Lx〉, 〈Ly〉, 〈Lx
2 〉, 〈Ly

2 〉.

〈Lx〉= 〈l,m|1
2
(L+ +L−)|l,m〉=

=
~

2

{

(1−m)(l+m+1)
√

〈l,m|l,m+1〉+ (l+m)(l−m+1)
√

〈l, m|l,m− 1〉
}

=0

〈Ly〉= 〈l,m| 1

2 i
(L+−L−)|l,m〉=0

〈Lx
2 〉=

1

4
〈l,m|

(

L+
2 +L−

2 +L+L−+L−L+

)

|l,m〉=
1

2
~

2{(l−m)(l+m+ 1) +m} · 1 =

=
~

2

2

{

l (l+ 1)−m2
}

〈Ly
2 〉=

~
2

2

{

l(l+ 1)−m2
}

〈Lx
2 〉+ 〈Ly

2 〉+ 〈Lz
2〉= ~

2
{

l (l+ 1)−m2
}

+m2
~

2 = l (l+1) ~
2 = 〈L2〉

3.15 〈x|l,m〉

ψ(x)= (x+ y+ 3z)f(r)

L2

ψ(x) = r (sin θ cos ϕ+ sin θ sin ϕ+3 cosθ)f(r)

Y1,1 =A sin θ eiϕ; Y1,−1 =−A sin θ e−iϕ; Y1,0 = 2
√

A cos θ; A=
3

8π

√

ψ(x) = r f(r)

{

3

2
√ Y1,0 +

1− i

2
Y1,1− 1 + i

2
Y1,−1

}

1

A

1



All these spherical harmonics have l= 1.

b. Measure Lz.

Outcomes: m=0,± 1.

ψ(x)= r f(r)F (θ, ϕ)

F (θ, ϕ) =
4π

3

√

{

3 Y1,0 +
1− i

2
√ Y1,1− 1− i

2
√ Y1,−1

}

c0 = 3, c1 =
1− i

2
√ , c−1 =− 1− i

2
√

P (m=− 1)=
|c−1|2

|c0|2 + |c1|2 + |c−1|2
=

1

11
=P (m= 1)

P (m=0)= 1− 1

11
− 1

11
=

9

11

c.

H =
p2

2m
+V

Schrödinger equation:

− ~
2

2m
∇2ψ+V (r) ψ=Eψ

ψ(x)=R(r)F (θ, ϕ)

∇2ψ=

{

1

r2
∂

∂r

(

r2
∂R

∂r

)

− l(l+ 1)R(r)

r2

}

F (θ, ϕ)

l=1:

− ~
2

2m

{

1

r2
∂

∂r

(

r2
∂R

∂r

)

− 2R(r)

r2

}

+V (r)R=ER

V (r)=E − ~
2

mr2
+

~
2

2m

1

rR

d2

dr2
(rR)

3.17

L+Y1

2
,
1

2

(θ, ϕ)= 0

Y1

2
,− 1

2

(θ, ϕ)

Y1

2
,
1

2

(θ, ϕ)∝ eiϕ sin θ
√

2



a.

1

~
L−Y1

2
,
1

2

∝Y1

2
,− 1

2

∝ e−iϕ

(

− ∂

∂θ
+ i cot θ

∂

∂ϕ

)

(

eiϕ sin θ
√ )

=

=� =− e−iϕ/2 cot θ sin θ
√

b.

L−Y1

2
,−1

2

= 0, ⇒Y1

2
,− 1

2

(θ, ϕ)∝ e−iϕ/2 sin θ
√

Contradiction ⇒ l half integers not allowed.

3.18

D(R)|l,m〉=
∑

m′

|l,m′〉〈l,m′|D(R)|l,m〉=
∑

m′

|l,m′〉Dm′,m
(L) (R)

|l= 2,m= 0〉

Dm′,0
(2)

(R)

Rotation about y axis with angle β.

|Dm′,0
(2) (α= 0, γ , γ= 0)|2 = | 4π

2l+ 1

√

Y2
m′∗(θ= β, ϕ= 0)|2

m= 0:

P (m′= 0) = |D0,0
(2)

(0, β , 0)|2 =
1

4

(

3 cos2β − 1
)2

m′ =± 1:

P (m′=± 1) =
3

2
cos2β sin2β

P (m′=± 2) =
3

8
sin4β

P (0) +P (1) +P (− 1)+P (2)+P (− 2)= 1

3.22 j= 1

〈j=1,m′|Jy |j= 1, m〉

〈j ′,m′|J±|j ,m〉= (j ∓m)(j ±m+ 1)
√

~ δj ′ jδm′,m±1

J±=













3



Blockdiagonal.

J+ = ~







0 2
√

0

0 0 2
√

0 0 0







J−= ~







0 0 0

2
√

0 0

0 2
√

0







Jy =
~

2







0 − 2
√

i 0

2
√

i 0 − 2
√

i

0 2
√

i 0







b.

exp

(

− i σ · n̂ϕ
2

)

= I cos
ϕ

2
− i σ · n̂ sin

ϕ

2

exp

(

− i Jy β

~

)

(

Jy

~

)2m

=

(

Jy

~

)2

,

(

Jy

~

)2m+1

=
Jy

~

exp

(

− i Jyβ

~

)

= I − i Jy β

~
+

(− i)
2
β2

2!

(

Jy

~

)2

+� =

= I − i
Jy

~

(

β − β3

3!
+� )�

=sin β

+

(

Jy

η

)2(

− β2

2!
+� )�

cos β−1

=

= I − i
Jy

~
sin β −

(

Jy

~

)2

(1− cos β)

j= 1:

d(j=1)(β) =













1

2
(1 + cos β) − 1

2
√ sin β

1

2
(1− cos β)

1

2
√ sin β cos β − 1

2
√ sin β

1

2
(1− cos β)

1

2
√ sin β

1

2
(1 + cos β)













D(j)(α, β, γ)= exp

(

− i Jzα

~

)

exp

(

− i Jy β

~

)

exp

(

− i Jz γ

~

)

Jz =
~

2





1 0 0
0 0 0
0 0 − 1





4



3.8

D(1/2)(α, β, γ)= exp

(

− iσ3α

2

)

exp

(

− iσ2 β

2

)

exp

(

− iσ3 γ

2

)

=

=







exp
(

− i(α + γ)

2

)

cos
β

2
− exp

(

− i (α − γ)
)

sin
β

2

exp
(

i(α − γ)

2

)

sin
β

2
exp

(

i (α + γ)

2

)

cos
β

2






=

=





cos
φ

2
− inz sin

φ

2
(− inx −ny) sin

φ

2

(− inx +ny) sin
φ

2
cos

φ

2
+ inz sin

φ

2



= exp

(

− i σ · n̂φ
2

)

(1, 1)+ (2, 2)⇒ φ.

D= cos
φ

2
I − iσini sin

φ

2

Tr(D) =2 cos
φ

2

Tr(σjD) =Tr(cos
φ

2
σj − iσjσini sin

φ

2
)=

=− iTr

(

1

2
[σj , σi] +

1

2
{σj , σi}

)

ni

=� =− 2 inj sin
φ

2

5


