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V =

{

1

2
k x2, x> 0

+∞, x< 0

Calculate 〈x2〉 in the ground state.

For x> 0 ψ obeys the simple harmonic oscillator. When x< 0, ψ= 0.

⇒En = (2n+1)
~ ω

2
, n= 1, 3, 5,� We can rename this as Ek = (4 k+ 3) ~ω/2, k= 0, 1, 2,�

E0 =
3 ~ω

2

〈x2〉=SHO 〈1|x2|1〉SHO = [Problem 2.13] =
~

2mω

{

1 · 1
√

δ0,0 + 2 · 2
√

δ2,2

}

=
3 ~

2mω
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K(x′′, t;x′, t0)= 〈x′′|exp
(

− iH (t− t0)

~

)

|x′〉

H =
p2

2m

K(x′′, t;x′, t0)=
∑

a

〈x′′|a′〉 〈a′|x′〉 exp
(

− iEa′(t− t0)

~

)

=

=
1

2π ~

∫

−∞

∞

dp′ exp

{

− i p′ 2

2m

(t− t0)

~
+

i p′′(x′′− x′)

~

}

=

=
1

2π~

∫

−∞

∞

dp′ exp

{

− i (t− t0)

2m ~
(p′ 2− p′(x′′− x′)/2m

t− t0

}

=

=
1

2π~
exp

{

im (x′−x′′)
2

2~(t− t0)

}

π 2m~

i (t− t0)

√
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J± = ~ a±
†
a∓

Jz =
~

2

(

a+
†
a+− a−

†
a−

)

=
~

2
(N+−N−)

[

a±
† , a±

]

=− 1; [a+, a−] =
[

a+
† , a−

]

=0

[Jz, J±] =± ~ J±, [J2, Jz] = 0

[Jz, J+] =
~

2

2

[

a+
†
a+− a−

†
a−, a+

†
a−

]

=
~

2

2

{

a+
†
[

a+, a+
†

]

a−− a+
†
[

a−
†
, a−

]

a−

}

= ~
2a+

†
a−= ~ J+

[Jz, J−] =− ~J−

J2 = Jx
2 + Jy

2 + Jz
2 = J+J−− ~Jz +Jz

2

J±=Jx ± i Jy

[

J2, Jz

]

=
[

J+J−− ~ Jz + Jz
2, Jz

]

= [J+, Jz]J−+ J+[J−, Jz] =−~J+J−+J+~J−=0

J2 =J+J−−~Jz +Jz
2 =� = ~2N

(

N

2
+ 1

)

1



3.2

U =
a0 + i σ ·a
a0− i σ ·a

a0,a are real parameters.

a) U is unitary (U U † = U †U = 1), unimodular (det U = 1). 2 × 2 matrix. These are the SU(2)
matrices.

A = a0 + i σ ·a =

(

a0 + i a3 a2 + i a1

− a2 + i a1 a3− i a3

)

A† = a0− i σ ·a

A†A =A A† = a0 + (σ ·a)
2 =

{

σiai σjaj = aiaj

{

1

2
[σi, σj] + {σi, σj}

}

= aiaiI = |a| I
}

=

{ [σi, σj] = 2 i εijkσk, {σi, σj}=2 δijI }

= a0
2 + |a|2 = |a|2 I

(

A†
)−1

=
1

|a|2 A

U =A
(

A†
)−1

=
1

|a|2 A
2

U †U =

(

1

|a|2
)2

A†A†AA= I

This shows unitarity.

detU = det

(

A2

|a|2
)

=

(

det

(

A

|a|

))2

=

(

1

|a|2 detA
)2

= 1

D(1/2)(n,ψ)= exp

(

− i

2
(σ · n̂)ψ

)

= cos
ψ

2
− i σ · n̂ sin

ψ

2

U =
A2

|a|2 =
1

|a|2(a0 + i σ ·a)
2
=

1

|a|2
(

a0 + 2 i σ ·a− (σ ·a)
2
)

=

=
1

|a|2
(

a0
2− |a|2

)

+ i
2 a0

|a|2 σ ·a= ã0
2− |ã |2 + i 2 ã0σ · ã

|ã |2 = ã0
2 + |ã |2 = 1

cos
ψ

2
= ã0

2− |ã |2

−ni sin
ψ

2
= 2ã0ãi

sin
ψ

2
=± 1− cos2

ψ

2

√

=± 2 |ã0| |ã |

cos
ψ

2
=1− 2 |ã |2

ni =∓ ã0 ãi

|ã0‖ã |
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3.3

H =AS
(e−) ·S(e+) +

eB

mc

(

Sz
(e−)−Sz

(e+)
)

χ+
(e−)

χ−
(e+)

(

1
0

)

e−

⊗
(

0
1

)

e+

a. A→ 0

Hχ+
(−)

χ−
(+)

=
eB

mc

{(

Sz

(

e−
)

χ+
(−)

)

χ−
(+)− χ+

−
(

Sz
(+)

χ−
(+)

)}

=
eB

mc

(

~

2
χ+

(−)
χ−

(+)− χ+
(−)

(

− ~

2

)

χ−
(+)

)

=
eB ~

mc
χ+

(−)
χ−

(+)

b) A� 0, e B/mc→ 0.

1

A
H = S

(−) ·S(+) =Sx
(−)

Sx
(+)

+Sy
(−)

Sy
(+)

+Sz
(−)

Sz
(+)

S+|+ 〉= 0, S+| − 〉= |+ 〉, S−|+ 〉= | − 〉, S−| − 〉= 0

Sx
±=

1

2

(

S+
±+S−

±
)

, Sy
−=

1

2 i

(

S+
±−S−

±
)

1

A
H =

1

2

(

Sx
(−)

S−
(+)

+S−
(−)

S+
(+)

)

+Sz
(−)

Sz
(+)

Hχ+
(−)

χ−
(+)

=A

{

~
2

2

(

χ−
(−)

χ+
(+)

)

+
~

2

4
χ+

(−)
χ−

(+)

}

χ+
(−)

χ−
(+) is not an eigenstate of H .

〈H 〉=
(

χ−
(+)

)†(

χ+
(−)

)†

Hχ+
(−)

χ−
(+)

=− ~
2

4
A

3.4 Spin 1.

{|S= 1, Sz =m〉;m= +1, 0,− 1}= {|+ 〉, |0〉, | − 〉}
s, 2s+ 1.

Sz(Sz + 1)(Sz − 1)

Sx(Sx +1)(Sx − 1)

Sz =





1 0 0
0 0 0
0 0 − 1





Sz(Sz +1)(Sz − 1)= 0

By a symmetry argument, we should get Sx(Sx +1)(Sx − 1).

〈j ′,m′|J±|j ,m〉= (j ∓m)(j ±m+ 1)
√

δj ′j δm′,m±1

S+=̇







0 2
√

0

0 0 2
√

0 0 0







m′= 1
m′= 0
m′=− 1

S−=S+
†

Sx =
1

2
(S+ +S−)
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