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i. 〈p′|x|α〉= i ~
∂

∂p′
〈p′|α〉

ii.

〈β |x|α〉=

∫

dp′ φβ
∗ (p′) i~

∂

∂p′
φα(p′)

φα(p′) = 〈p′|α〉, φβ(p′)= 〈p′|β 〉

i.

〈p′|x|p′′〉=

∫

dx′ 〈p′|x|x′〉 〈x′|p′′〉

〈x′|p′′〉=
1

2p~
√ eip′′x′/~

〈p′|x|p′′〉=

∫

dxx′ e−ix′(p′−p′′)/~ 1

2π~

∂

∂p′
(δ(p′− p′′))=

∂

∂p′

∫

dx′ e−ix′(p′−p′′)/~ 1

2π~
=

1

2π~

∫

dx′ x
′

i~
e�

〈p′|x|p′′〉= i~
∂

∂p′
δ(p′− p′′)

〈p′|x|α〉=

∫

dp′′ 〈p′|x|p′′〉〈p′′|α〉

=

∫

dp′′
(

i~
∂

∂p′
δ(p− p′′)

)

φα(p′′)

=
∂

∂p′

{
∫

dp′′ δ(p′− p′′)φα(p′′) i~

}

= i~
∂

∂p′
φα(p′)

ii.

〈β |x|α〉=

∫

dp′ 〈β |p′〉 〈p′|x|a〉=

∫

dp′ φβ
∗ (p′) i~

∂

∂p′
φα(p′)

b) x är en operator: exp(ixΞ/~).

|p′,Ξ〉= exp

(

ixΞ

~

)

|p′〉

p|p′,Ξ〉= p exp

(

ixΞ

~

)

|p′〉= exp

(

ixΞ

~

)

p′|p′〉+

[

p, exp

(

ixΞ

~

)]

|p′〉=

=(p′+ Ξ)|p′,Ξ〉

ty
[

p, exp

(

ixΞ

~

)]

=− i~
∂

∂x

(

exp

(

ixΞ

~

))

= Ξ exp

(

ixΞ

~

)

exp
(

i x Ξ

~

)

is a momentum tranlation.
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2.8

H = δ(|α′〉〈a′′|+ |a′′〉〈a′|), a′� a′′, δ ∈R

H=̇ δ

(

0 1
1 0

)

a) H |ψ〉=E |ψ〉.

det(H −E I)= 0

E ∈{+ δ,− δ}

|+ δ〉 =̇
1

2
√
(

1
1

)

, | − δ〉 =̇
1

2
√
(

1
− 1

)

b) Antar: vid t=0 så befinner sig systemet i |α′〉=̇
(

1
0

)

.

|ψ(t)〉=̇
(

A(t)
B(t)

)

Schrödinger-ekvationen:

i~
∂

∂t
|ψ(t)〉=H |ψ(t)〉

i~
∂

∂t

(

A(t)
B(t)

)

= δ

(

0 1
1 0

)(

A(t)
B(t)

)







i ~
∂

∂t
A(t) = δB(t)

i ~
∂

∂t
B(t) = δA(t)











∂2

∂t2
A(t)+

(

δ

~

)2
A(t) = 0

∂2

∂t2
B(t) +

(

δ

~

)2
B(t) = 0

{

A(t) =A1 cosωt+A2 sinωt
B(t)=B1 cosωt+B2 sinωt

; ω=
δ

~
,

{

A(0) =1
B(0) =0

〈ψ(t)|ψ(t)〉=1

|ψ(t)〉=

(

cosωt
− i sinωt

)

b) Sannolikheten att mäta |a′′〉 blir

|〈a′′|ψ(t)〉|2 = |
(

0 1
)

(

cosωt
− i sinωt

)

|2 = sin2ωt

2.2 2-tillståndssystem

H=̇

(

H11 H12

0 H22

)

H är inte hermitesk.

⇒U(t)= exp

(

− iH

~

)

icke-unitär. Sannolikheten under tidsutveckling kommer inte vara bevarad.
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Antag H11 =H22 = 0

⇒H=̇

(

0 H12

0 0

)

|α(0)〉= c10|1〉+ c20|2〉=̇
(

c10
c20

)

i~
∂

∂t
|α(t)〉=H |α(t)〉

i~
∂

∂t

(

c1(t)
c2(t)

)

=

(

0 H12

0 0

)(

c1(t)
c2(t)

)







i ~
∂

∂t
c1(t)=H12 c2(t)

i~
∂

∂t
c2(t)= 0

⇒ c2(t)= c20

{

c1(t) = − iH1 2

~
c20 ~ + c10

c2(t) = c20

〈α(t)|α(t)〉= |c1(t)|2 + |c2(t)|2

|c1(t)|2→∞, då t→∞.

Sannolikheten är inte bevarad.

2.1

H =− eB

mc
Sz =ωSz

Sx(t), Sy(t), Sz(t).

Heisenberg equations of motion:

dSi

dt
=

1

i ~
[Si, H ]

[Si(t), Sj(t)] = i εijkSk(t)

dSz

dt
=

1

i~
[Sz, ωSz] = 0 ⇒Sz(t) =Sz(0)

dSx

dt
=

1

i~
[Sx, ωSz] =−ωSy

dS

dt
=

1

i~
[Sy, ωSz] =ωSx

dSx

dt
+ i

dSy

dt
=−ωSy + iωSx = iω (Sx + iSy)

dSx

dt
− i

dSy

dt
=− iω(Sx − iSy)

Sx(t)+ iSy(t) = (Sx(0)+ iSy(t)) eiωt

Sx(t)− iSy(t)= (Sx(0)− iSy(0)) eiωt







Sx(t) =Sx(0) cosωt−Sy(0) sinωt
Sy(t)=Sx(0) sinωt−Sy(0) cosωt
Sz(t)=Sz(0)
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2.12 t= 0

|α(0)〉= exp

(

− i p a

~

)

|0〉

H =N +
1

2
. a is a parameter, p is the momentum operator.

a)

〈x′|0〉=π−1/4x0
−1/2 exp

(

− 1

2

(

x′

x0

)2
)

x0 =
~

mω

√

〈x′|α(0)〉= 〈x′|exp
(

− i p a

~

)

|0〉

x exp

(

i p a

~

)

|x′〉=

([

x, exp

(

i p a

~

)]

+ exp

(

i p a

~

)

x

)

|x′〉=

=

([

x,
i p a

~

]

+ x

)

exp

(

i p a

~

)

|x′〉=(x′− a) exp

(

i p a

~

)

|x′〉= |x′− a〉

〈x′|α(0)〉= 〈x′− a|0〉

b) 〈0|α(0)〉=

=

∫

−∞

∞

dx′ 〈0|x′〉 〈x′|α(0)〉=

=

∫

−∞

∞

dx̃ 〈0|x̃+
a

2
〉 〈x̃ − a

2
|0〉

=
1

x0 π
√

∫

−∞

∞

dx̃ exp







−
(

x̃ +
a

2

)2
+
(

x̃ − a

2

)2

2 x0
2







=

=
1

x0 π
√ exp

(

−
(

a

2x0

)2
)

∫

−∞

∞

dx̃ exp

(

− x̃2

x0
2

)

= exp

(

−
(

a

2 x0

)2
)

|c0|2 = exp

(

− a2

2 x0
2

)

At a later time t:

c0(t) = 〈0|α(0)〉= 〈0|exp
(

− iHt

~

)

|α(0)〉=

= exp

(

− iE0 t

~

)

〈0|α(0)〉= exp

(

− iω t

2

)

c0

|c0(t)|2 = |c0|2

2.13 One-dimensional simple harmonic oscillator.

4



a) Compute 〈m|x|n〉, 〈m|p|n〉, 〈m|� |n〉.

x=
~

2mω

√

(

a+ a†
)

p= i
~mω

2

√

(

a†− a
)

(

a

a†

)

=
mω

2~

√

(

x± i p

mω

)

|n〉

N |n〉= a†a|n〉=n|n〉

{

a|n〉= n
√ |n− 1〉

a†|n〉= n+ 1
√

|n+1〉

a|0〉=0.

x|n〉=
~

2mω

√

(

n
√ |n− 1〉+ n+1

√
|n+ 1〉

)

p|n〉= i
~mω

2

√

(

n+ 1
√

|n+1〉− n
√ |n− 1〉

)

〈m|x|n〉=
~

2mω

√

{

n
√

δn−1,m + n+1
√

δm,n+1

}

〈m|x2|n〉

〈m|p2|n〉
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