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The Harmonic Oscillator

p/ 2 1
H:%+§k$/2, [z’,p’]:ih
Make the canonical transformation
= xy/—— k
mw W= —
p = pymw m
We still have [z, p] =ih.
H= Z(p2 + xQ)

1
x:(a+aT) bX =3
1 1
T:_ . T _
[a,al] QFL[:I:, 1p]+2h[1p,m] 1

1
n . .
a a:—(:L'flp>(:L'<‘r1p>——2

2h

1 w
hw(aTa+§> :§(x2+p2) =H

H:hw(aTa—i—%)

The number operator n=a'a.

[n,a] = [aTa,a} =a'la,a] + [aT,a}a: —a

[n, aw = [aTa, aw =al

Assume |n) is an eigenvector of m. m|n) =n|n)
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Since H is nonnegative, |0) must be an eigenket.
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n|0) =0 is a second order differential equation. «|0) =0 is a first order equation.
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(0]0) =1 for the normalisation. [insert graph of |0), |1) and |2) here, |n) has n nodes].
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Lagrangian

L(q, ¢) =kinetic energy — potential energy = lqu —V(q)
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Hamiltonian replace ¢, ¢ with ¢, p.
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H(p,q)=pq—L(q,q)
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Now we arrive at Hamilton’s equations:
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Canonical transformation (p,q), H — P, @, K. Hamilton’s equations with p, ¢ and H
are equivalent to Hamilton’s equations with P, Q) and K.

Let F(q,P,t)=generating function. Definition:
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L=pj—H=PQ—K — Not exactly:

We can add a total time derivative to the Lagrangian without changing the equations of motion
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This is our new Hamiltonian.

K(P,Q)=0. Hamilton-Jacobi, use S instead of F'.
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Normally S = S(q, t) with P implicit — P is just a constant anyway. The Hamiltion-Jacobi
equation is
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Hamilton-Jacobi equation is a differential equation for an unknown function S. There are simil-
arities with the Schrodinger equation, but not quite.

(qly)= \/ﬁexp<%5(q,t))

Expand in orders of /i, and we find the Hamilton-Jacobi equation in the first order as i — 0.



