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Recall polarizors 〈fig1〉
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ei(kz−ωt)≡ |ψ〉 ei(kz−ωt)
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(
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Intensity? = a2 + b2 ? We have to take |a2|+ |b2|.
“Bra” vector 〈ψ | ∼ (a∗, b∗).

Intensity= 〈ψ |ψ〉=
(

a∗ b∗
)

(

a

b

)

= |a|2 + |b|2

Vector space |ψx〉+ |ψy〉=
(

1
1

)

= |ψ〉xy. Here we get 〈ψxy |ψxy〉= 2.

I(|ψx〉+ |ψx〉)= 4.

|ψ ′〉=Rθ |ψ〉=
(

cos θ − sin θ
sin θ cos θ

)(

a

b

)

=

(

a′

b′

)

〈fig2〉
(

a

0

)
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Birefringent 1/4 wave plate
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Pθ =R(θ)
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R−1(θ)

Operators transform under similarity transformations.

(

c − s
s c

)(

1 0
0 0

)(

c s

− s c

)

=

(

c − s
s c

)(

c s

0 0

)

=

(

c2 c s

s c s2

)

Pθ =
1

2

(

1+ cos 2θ sin 2θ
sin 2θ 1+ cos 2θ

)

P45◦ =
1

2

(

1 1
1 1

)

Hilbert-space, kets, bras, inner products, Hermitian adjoint, summation convention, dulity

〈α|A†� A|α〉. I don’t write down everything he writes on the whiteboard now, because this is
explained well in the book.
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Unitary transformations: U †U =1, where 1 is the identity matrix.

A unitary transformation preserves the inner product:

〈α′|β ′〉=
∑

j

〈α|U †)j (U |β 〉)
j
= 〈α|

(

U †U
)

|β 〉

Orthonormal basis |αj〉:

〈αj |αk〉= δjk

Outer product:

|β〉〈α|=





β1α1
∗ � β1αn

∗
 

βnα1

∗ � βnαn
∗





(Tensor product, “Kronecker product”)

|γ ′〉= (|α〉〈β |) |γ 〉

|γi
′〉=

∑

j

αiβj
∗γj =αi

∑

j

βj
∗θj = ai〈β |γ 〉

Associative: |α〉〈β |γ 〉.

Relation between unitary transformation and orthonormal basis: assume |αn〉 is an orthonormal
basis.

Unm =(αn)
m

(

UU †
)

ij
=UikUkj

† =
∑

k

(αi)k(αj
∗)k = 〈αj |αi〉= δij

UU †=1� U †U =1

1=
(

U †U
)

(U †U)ij =
∑

n

(

Uin
†
)

Unj =
∑

n

(αn
∗)

i
(αn)

j
=
∑

n

(|αn〉〈αn|)ij

1 =
∑

n

|αn〉〈αn| ⇒ Resolution of unity

Linear algebra:

if H is Hermitian H =H †, then ∃U : U †HU =diagonal. H =UDU †.

Assume H is Hermitian. |αi〉 are the eigenvectors

H =
∑

n

εn|αn〉〈αn|

H |αi〉=
∑

n

εn|αn〉〈αn|αi〉=
∑

n

εn|αn〉 δni = εi|αi〉
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Invariants.

Tr(AB)=
∑

i

(AB)ii =
∑

i, j

AijBji =
∑

i, j

BjiAij =Tr(BA)

Tr(ABC)=Tr(CAB)

Tr
(

U †HU
)

, Tr
(

UU †H
)

, Tr(H)=
∑

eigenvalues

Eigenvalues are preserved under all unitary transformations.

H |α〉= ε|α〉

U †HU�
=H ′

U †|α〉=U †ε|α〉

H ′
(

U †|α〉
)

= ε
(

U †|α〉
)

eiH , lnH, tanhH

f(x)=
∑

n=0

∞

anx
n

f(H)=
∑

n=0

∞

anH
n = a0 1 + a1H +

1

2
HH +

1

3!
H ·H ·H =

= a0UU
†+ a1UU

†HUU † +
a2

2
UU †HUU †UU † +�

=U
(

a0 · 1 + a1D+
a2

2
D2 +

a3

3!
D3 +� )U †=

=U









f(ε1)
f(ε2) �

f(εn)









U † =Uf(D)U †
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