
2009–02–18 Lecturer: Gabriele Ferretti

Finally we can calculate a process that exists, that we can go to the lab and measure. A very
important process: e+ + e− → µ+ + µ−. The muon is like a heavy electron: me ≈ 0.5 MeV, mµ ≈
105MeV. There is only one Feynman diagram that contributes:
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Figure 1. e+ + e−→ µ+ + µ−

In the centre of mass frame,

P µ = (Ee, p = pẑ)

P ′µ = (Ee,− p)

Ecm = 2Ee≡ s
√

> 2mµ (otherwise the process is not possible)

E = γ m, P = β γ m. Ee = γe me > mµ

⇒ γe >
mµ

me

≈ 200

Remember γ =1/ 1− β2
√

, with β being the velocity. (c = 1).

The mass of the electron is negligible in this case, so that we can take Ee = |p|, instead of Ee =
|p|2 + me

2
√

. The muons, on the other hand, could be very well be non-relativistic.

iM= ūr(k)(− ie γµ) vr ′(k ′)

(

− i gµν

q2

)

v̄s(p
′) (− i e γν)us(p)

This is called the transition amplitude.
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Figure 2. Feynman diagrams for fermions.

dσpol

dΩ
=

|k|
32π2 Ecm

3 |M|2

dσ =
|M|2

4 (p · p′)2−me
4

√ · (2π)4 δ(4)(p + p′− k − k ′)
d3k d3k ′

(2π)3 2Ek (2π)3 2Ek
′

(The denominator is something of a flux.)

Figure 3. dΩ = d(cosθ) dϕ

Let us look at

dσpol

dΩ
=

|k|
32 π2 Ecm

3
|M|2.

|ū γµ v |2 = ū γµv · (ū γµ v)
∗
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Important trick: (ū γµv)
∗ = (ū γµ v)

† =
(

u† γ0 γµ v
)†

= v†γµ
†γ0

†u = v†γµ
†γ0 u. Insert γ0γ0 = 1.

(ū γµv)
∗= v̄γ0γµ

†
γ0 u= v̄ γµ u.

|ū γµ v |2 = ū γµv · (ū γµ v)
∗= ūγµ v v̄ γµ u

We will not continue to write down the momenta all the time, because they are always associ-
ated with the spin: we had s with p, s′ with p′, r with k and r ′ with k ′.

|M|2 =
e4

(q2)2
(ūrγ

µvr ′)( v̄s′ γµ us)�
M

· (v̄r ′γν ur) (ūs γν vs′)�
M∗

=

=
e4

(q2)2
(ūrγ

µvr ′)(v̄r ′γνur)(v̄s′ γµ us)(ūsγν vs′)

This presumes that you can control the incoming polarisation (spin up/spin down) and measure
the polarisation of the muons. In practise you don’t do this. You use unpolarised stuff.

dsunp
dΩ

=

Average the incoming spins and sum the outgoing spins. A muon of spin up will leave the same
track as a muon of spin down.

dsunp
dΩ

=
1

2
· 1

2

∑

s,s′,r,r ′

dσpol

dΩ

∑

rr ′ ss′

(ūrγ
µvr ′)(v̄r ′γνur)(v̄s′ γµ us)(ūsγν vs′)

Use

∑

s

us(p) ū s(p)= p +me≈ p, matrices:



 
 

�
=us(p)

( � )�
ūs(p)

=









· · · ·
· · · ·
· · · ·
· · · ·









∑

r ′

vr ′

(k ′) v̄ r ′

(k ′)= k−mµ

∑

rr ′

(ūrγ
µvr ′)(v̄r ′γνur)

∑

ss′

(v̄s′ γµ us)(ūsγν vs′)

=
∑

r

ūrγ
µ
(

k
′−mµ

)

γν ur

∑

s′

v̄s′γµpγνvs′ =

= tr
(

k−mµ

)

γµ
(

k
′−mµ

)

γν · tr
(

p′ γµ p γν

)

∑

ab

∑

r=±
1

2

ū(r)
a Xa

b u(r)b, a, b= 1, 2, 3, 4, u =



 
 

, ū =
( � )

∑

r=±
1

2

ū(r)
a Xa

b u(r)b =
∑

a,b

∑

r=±
1

2

u(r)b ū(r)
a�

p
b

a

=
∑

a,b

p
b

a Xa
b = tr pX
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“Math is so simple they shouldn’t really be teaching it.”

What is tr(γµγνγργλ)? This goes under the pompous name of “trace formulae”.

tr(1) = tr(I4×4) =4, tr
(

(

γ0
)2
)

= tr(1)

tr(γµ)= 0

tr(γµγν)=
1

2
tr(γµγν + γνγµ)=

1

2
tr(2 gµν

I)= gµν tr I=4 gµν

tr(γµγνγρ)= 0

(

γ5
)2

=1.

tr
(

γ5γ5γµγνγρ
)

=− tr
(

γ5γµ γν γρ γ5
)

=− tr
(

γ5γ5γµγνγρ
)

tr(γµγν γρ γτ) =4 (gµν gρτ − gµρgντ + gµτ gνρ)

tr
(

p′ γµ p γν
)

=Pρ
′ Pσ tr (γργµγσ γν)= 4

(

P ′µP ν + P ′νP µ −P ′ ·Pgµν
)

tr
(

k−mµ

)

γµ
(

k−mµ

)

γν = same+4 mµ
2 gµν

1

4

∑

ss′ rr ′

|M|2 =
8 e4

q4

(

(p · k)(p′ · k ′) + (p k ′)(p′ k)+ mµ
2 p p′

)

P ′µ = (E,−E ẑ )

Figure 4.

E = k2 + mµ
2

√

.
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k · ẑ = |k| cos θ = E2−mµ
2 cos θ

√

.

p · k = p0 k0− p ·k = E2−E |k| cos θ

qµ = pµ + p′µ, q2 = (2E)
2
= Ecm

2

1

4

∑

spins

|M|2 =
8 e4

16E4

((

E2−E |k| cos θ
)

(� )+� )= e4

((

1 +
mµ

2

E2

)

+

(

1− mµ
2

E2

)

cos2θ

)

First physics result of the course:

dσunpol

dΩ

∣

∣

∣

e+e−→µ+µ−

centre of mass

=
|k|

32π2 Ecm
3

· 1

4

∑

|M|2

Fine structure constant: α = e2/4π.

dσunpol

dΩ

∣

∣

∣

e+e−→µ+µ−

centre of mass

=
α2

16E2
1− mµ

2

E2

√ ((

1 +
mµ

2

E2

)

+

(

1− mµ
2

E2

)

cos2θ

)

σtotal =

∫

dΩ
dσ

dΩ
=

∫

0

2π

dϕ

∫

−1

1

dcos θ
dσ

dΩ
=

πα2

3 E2
1− mµ

2

E2

√ (

1 +
1

2

mµ
2

E2

)

Figure 5. σtot versus E

σtot =
πα2

3 E2
1− mµ

2

E2

√�
σ0

(

1 +
1

2

mµ
2

E2

)

σ0 is the phase space contribution.

5



Figure 6.
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