
2009–01–28 Lecturer: Per Salomonsson

Today’s subject is, mostly, the quantisation of the Dirac field ψa(x). Last time we talked about
the Lorentz group, the group of Lorentz transformations, in terms of infinitesimal transforma-
tions. All fields of nonzero spin are nontrivial representations of Lorentz transformations.

Lorentz transformation of ψ infinitesimally

δψ=− i

2
ωµν(Sµν + Jµν)ψ

can be exponentiated:

ψ(x)→ ψ ′(x)= Λ1/2 ψ(Λ−1x)

Λ1/2 is another type of representation of the same transformation.

Last time:

L0 = ψ̄
(

i ∂−m
)

ψ

Euler-Lagrange equations:

(

i∂−m
)

ψ= 0 ⇒
(

∂2 +m2
)

ψa = 0

Each component of ψ satisfies the Klein-Gordon equation.

We develop the Hamiltonian formalism for this Lagrangian, and replace the Poisson brackets by
quantum mechanical commutators to quantise the field.

To solve this equation we make the ansatz ψ(x)= u(p) e−ip·x. p2−m2 = 0⇒ p0 = p
2 +m2

√

.

Ansätze:

ψ(x)= u(p) e−ip·x

ψ(x)= v(p) eip·x ⇒ (p−m)u(p) =0
(p+m)v(p)= 0

How to find u and v?

For p =0:

p−m=









−m 0 m 0
0 −m 0 m

m 0 −m 0
0 m 0 −m









u(0)= m
√ (

ξs
ξs

)

v(0)= m
√ (

ηs

− ηs

)

ξ1 =

(

1
0

)

= η1, ξ2 =

(

0
1

)

= η2

The p� 0 solutions are obtained by boosting p =0 solutions.
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Result:

us(p)=

(

p ·σ√
ξs

p · σ̄
√

ξs

)

, vs(p)=

(

p ·σ√

− p · σ̄
√

)

(

ηs

ηs

)

σ̄ µ =(1,−σ), σµ = (1,σ)

Remark: Choice of
√

unambiguous. p · σ is a Hermitian matrix, diagonalised by unitary trans-
formation.

p ·σ= u

(

p0 + |p| 0

0 p0− |p|

)

u−1, p ·σ√
= u

(

p0 + |p|
√

0

0 p0 + |p|
√

)

u−1

(check by taking the square of p ·σ√
).

Remark: Check equations of motion: p ·σ p · σ̄ = (E − p ·σ)(E+ p ·σ)=E2− p2 =m2.

p′u=

(

p ·σ
p · σ̄

)

(

p ·σ√
ξs

p · σ̄√
ξs

)

=

(

p · σ̄ p ·σ√
ξs

p ·σ p · σ̄
√

ξs

)

=m

(

p · σ̄√
ξs

p ·σ√
ξs

)

=mu(p)

(p · σ̄ p ·σ√
)2 =(m p · σ̄√

)2, p · σ̄ p ·σ√
p · σ̄ p ·σ√

=m2 p · σ̄ ,

p · σ̄ p · σ̄
(

p ·σ√ )2
=

Useful identities:

1. Orthogonality: us
†(p)us′(p) = ξs

†
(

(

p · σ√ )2
+
(

p · σ̄√ )2
)

ξs′ = ξs
† 2 p0 ξs′ = 2Ep δss′.

vs
†(p) vs′(p) =2Ep δss′

us
†(p) vs′(− p)= 0

2. ūs(p)us′(p)= uLs
†
uRs′ + uRs

†
uLs′ = ξs

†
(

p ·σ√
p · σ̄√

+ p · σ̄√
p ·σ√ )

ξs′ = 2mδss′.

v̄s(p) vs′(p)=− 2mδss′

ūs(p) vs′(p)= 0

3. Completenesslike: Note

∑

s

ξsξs
† =

(

1
1

)

= I

∑

s

us(p) ūs(p) =
∑

s

(

p ·σ√
ξs

p · σ̄√
ξs

)

(

ξs
† p ·σ√

, ξs
† p · σ̄√ )

=

(

p ·σ√

p · σ̄√
)

(

p · σ̄√
, p ·σ√ )

=

=

(

m p ·σ
p · σ̄ m

)

= p+m

Similarly

∑

s

vs(p) v̄s(p)= p−m
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Now we are ready to write down the Dirac field.

Expansion of Dirac field in solutions to equations:

ψ(x) = (2π)
−3
∫

d3p

2Ep

√

∑

s

(

as(p)us(p) e−ip·x + bs
†(p)vs(p) eip·x

)

ψ̄ (x)= (2π)
−3
∫

d3p

2Ep

√

∑

s

(

as
†(p)ūs(p) eip·x + bs(p) v̄s(p) e−ip·x

)

Quantisation: L = i ψ̄
(

∂ − m
)

ψ = i ψ†ψ + � . Compare A =
∫

(pq̇ − H) dt. Conjugate

momentum ψ†.

Quantisation:

[

ψa(x), ψb
†(y)

]

+

∣

∣

∣

∣

x0=y0

= δab δ(x− y), others= 0

Equivalently:
[

as(p), as′

† (p′)
]

+
= (2π)

3
δ3(p− p

′) δss′,

[

bs(p), bs′

† (p)
]

= (2π)
3
δ3(p− p

′) δss′,

others= 0.

Energy operator

L=

∫

d3xL0 =

∫

d3x i ψ†ψ̇ −
∫

d3x ψ̄ (− iγκ∇κ +m)ψ�
=H

Using the equations of motion:

H =

∫

d3x i ψ†(x)ψ̇(x)= (2π)
−3
∫

d3p

2Ep

∑

s

∑

s′

(

as
†(p)us

†(p) eiEpt + bs(− p)vs
†(− p) e−iEpt

)

·

·Ep

(

as′(p)us′(p) e−iEpt− bs′(− p) vs′(− p)eiEpt
)

=

[

orthogonality relation
relation 1 above

]

=

= (2π)
−3
∫

d3pEp

∑

s

(

as
†(p) as(p)− bs(− p)bs(− p)

)

=

=(2π)
−3
∫

d3pEp

∑

s

(

as
†(p) as(p)+ bs

†(p)bs(p)− (2π)3δ3(0)
)

Number operators: as
†(p) as(p) + bs

†(p)bs(p) =Ne− +Ne+. Vacuum energy − (2π)3δ3(0): negative
for fermions.

Feynman propagator

SF (x− y)ab = 〈0|Tψa(x)ψ̄b(x)|0〉=

= 〈0|
(

θ(x0− y0) ψa(x) ψ̄b(y)− θ
(

y0− x0
)

ψ̄b(y)ψa(x)
)

|0〉
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(You have to insert a fermion minus sign when switching order.)

i
(

∂x −m
)

ac
SF(x− y)cb = iγac

0 〈0|δ(x0− y0)
[

ψa(x), ψ̄b(y)
]

+�
δcd δ3(x−y)

|0〉γdb
0 = iδabδ

4(x− y)

This is the differential equation obeyed by this propagator. Fourier transform both sides:

SF (x)= (2π)
−4
∫

d4p S̃ (p) e−ip·x

(

p−m
)

S̃(p)= i

SF (x)= (2π)
−4
∫

d4p
i

p−m
e−ip·x

To make it well defined:

SF = (2π)−4

∫

d4p
i
(

p+m
)

p2−m2
e−ip·x

And now we have to make a pole prescription.

SF = (2π)−4

∫

d4p
i
(

p+m
)

p2−m2 + iε
e−ip·x

(

p−m
)

S̃ (p) = i.

Closing p0 integration contour in the lower half plane if x0> 0, in the upper half plane if x0< 0
gives

SF(x)= (2π)
−4 · (− 2πi)

∫

d3p

2Ep
i
[(

p+m
)

e−ip·xθ(x0) +
(

− p+m
)

eip·xθ(− x0)
]

Check

〈0|ψ(x)ψ̄ (y)|0〉= 〈0|ψ+(x)ψ̄−(y)|0〉= 〈0|[ψ+(x), ψ̄−(y)]+|0〉=

= (2π)
−3
∫

d3p

2Ep

[

∑

s

us(p)ūs(p)

]�
=p+m

e−ip·x
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