20090128 Lecturer: Per Salomonsson

Today’s subject is, mostly, the quantisation of the Dirac field 1),(x). Last time we talked about
the Lorentz group, the group of Lorentz transformations, in terms of infinitesimal transforma-
tions. All fields of nonzero spin are nontrivial representations of Lorentz transformations.

Lorentz transformation of 1 infinitesimally

i

&P = 2 WMV(S'LLV + J,ul/),lp
can be exponentiated:

U(x) = ' (2) = A1y p(A 1)

Ay /2 is another type of representation of the same transformation.

Last time:
Lo=v (if—m)
Euler-Lagrange equations:

(i@ —m)p=0 = (0*+m?)va=0

Each component of ¢ satisfies the Klein-Gordon equation.

We develop the Hamiltonian formalism for this Lagrangian, and replace the Poisson brackets by
quantum mechanical commutators to quantise the field.

To solve this equation we make the ansatz 1 (z) =u(p) e~ 'P'%. p?—m?=0= p’=/p?+m?.

Anséatze:

P(x) =v(p)e?? (p+m)v(p)=
How to find u and v?
For p=0:
/ -m 0 m 0 \
= 0 —-m O m
y Il m 0 —-m 0
0 m 0 —m

§1< (1) >771, §2<(1)>772

The p = 0 solutions are obtained by boosting p =0 solutions.



Result:
w7 = )
Vo & ° —Vp-a
ght=(1,—0o), o'=(1,0)

Remark: Choice of v/ unambiguous. p- o is a Hermitian matrix, diagonalised by unitary trans-
formation.

_ P’ +|p| 0 —1 _ V' +p| 0 —1
p-o=u 0 u—t, J/p-o=u ; U
0  p’—Ip| 0 V' + |p|

(check by taking the square of \/p-0).

Remark: Check equations of motion: p-op- 6 =(E—p-o)(E+p-o)=E?—p>=m>

e (P | (7 B Oy O o BRI
j VPG & p-o\/p-G & VDo &s
(p-opo)=(mypd) paypopapo=m’pa,

o 2
p-opo(ypo)=
Useful identities:

1. Orthogonality: u(p) us/(p) = 52( (VPo)

2

+(vpo) ) =el2p’ e =2 B, b0
vl(p) ve(p) =2 Ep b
ul(p) va(—p) =0
2. y(p) us(p) = ul ure +ufpure =& (VPO VDT + VPGP T)Er=2m 040
0s(p) vs/(P) = —2m bssr

@s(p) Us’(p) =0

3. Completenesslike: Note

Z @«5*—( )zﬂ

3 walp) 1.(p) = (g ) emsm)=(%)(\/ﬁ, VPT )=

S

:( p"% pT'n” )z;zi—i—m

Similarly



Now we are ready to write down the Dirac field.

Expansion of Dirac field in solutions to equations:

= _3/ \/ﬁ Z as(p) us( e T 4 bl(p)vs(p) eipvz)

(al(p)(p) e + bu(p) Bu(p) =170

\/2E
Quantisation: £ =1 ¢ (# — m)y =i ¢ + .. Compare A = [ (pg — H) dt. Conjugate
momentum ).

Quantisation:

[T/Ja(x),zbg(y)} =04p0(T — y),others=0

Flgo=yo

Equivalently:

|as(p). ali(@)] = (2m)"5(p — ") b

[6:(p). bLi(p) | = (27)° 8%(p — P') 8

others =0.

Energy operator

L:/d3z£0:/d%iq/ﬁq/}f/d?’zz/?(fiv”VNan)w

~~

=H

Using the equations of motion:

i [ @iv@ie=en " [ S25 S (alde) 5 b - il p)e ).

i i orthogonality relation
: Ep(as/(p)us/(p) e —by(—p)vs(—ple Ept) - { relgation 1};bove } N

=0 [ @5, Y (al(p)outp) — b~ P~ p) -
=(2m /d3pE Z( p) +bl(p)bs(p) — (27)%5%(0) )

Number operators: al(p) as(p) + bl(p)bs(p) = N.- + N.+. Vacuum energy — (27)363(0): negative
for fermions.
Feynman propagator

SF(Z' - y)ab: <0|T1/}a(x)"/;b($)|0> =

= (01(0(=° = °) Ya(@) Y(y) — O(y° — 2°) Py (y) Ya(x) )[0)



(You have to insert a fermion minus sign when switching order.)

i(A,—m), Sr(x—y)er=170c(0]6(z° — y°) [¢a(@), Py(y) ] 10)7ds = 16260*(x — y)
+

6Cd631m—y)

This is the differential equation obeyed by this propagator. Fourier transform both sides:

Se(w)=(2m) ™" [ dipS(p)eive

(p—m)S(p)=i
Sp(x)(27r)_4/d4pp1meip'z
To make it well defined:
- i(p+m) i
Sr=(2m) 4/d4 PR e P

And now we have to make a pole prescription.
— —4 4 l(lé+m) —ip-x
Sp=(2m) /dp—p27m2+ise
(pfm)g(p) =1.
Closing p° integration contour in the lower half plane if 20 > 0, in the upper half plane if 2° < 0
gives
—4 . d3p. —ip-x 0 ip-x 0
Sp(z)=2m)" " (—2ri) ﬁl[(yi—i—m)e PEG(0) + (—p+m) P 0(— )]
P
Check

(0[v(2) 9 (9)0) = (014 ()P (y)[0) = (0][4-(x), ¥ (y)]+]0) =
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