2012-05-11 Lecturer: Bengt E W Nilsson
(Next week: no lecture. After that two more lectures. And one more home problem. Or two.)

Chapter 8: Real Lie algebras (sometimes called real forms)

In the begining of the course, we talked about various simple Lie algebras, such as

5[(2,R)={M:tr M =0, 2 x 2 real matrices}.
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One version (i):

Another version (ii):

Related by diagonalization and renormalizing the generators.

Note: From (ii) we see that s[(2,R) has one compact and two non-compact elements.
s5p(1,R) ~sl(2,R) ~su(l,1)

Now: SU(2): Then we have 2 X 2 complex matrices, with det =1. Lie algebra su(2): antihermitian
with zero trace. Easy enough to tabulate:

The factor 2 is conventional, to get the normalization of the Lie algebra in a nice form.

-2 0 0
K20 0 -2 0
0 O 2

We see that all three generators are compact. How to see compact:
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& 1 . . .
e ( e >Nela:COSOA+ISIHOz is compact.

Comes out as a minus sign in the Killing form.
This is the same as for so(3).

EXAMPLE of isomorphisms.
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s50(1,2)={T"}= 100 [,/ 000 |, O 0 1
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su(l,1):

T —ioy [T, 72 =273
T?—g, = { [T%T%=_2T"
T3 = o, (T3, 7" = —27?
sp(1,R):
[S1, 8% =253
[S2,8%]=-251
(93,81 =252

You can’t stare at the algebra here and say this has to be su(1,1). Go to Dynkin and then to the
Killing form.
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5((2, C):
(10 (01 {00
H(o 1)’ E*(o 0)’ E<1 0)
[HaE:t]::l:2E:|:a [E+5E*]:H

It’s really s[(2, R) that we have here, since there is no i anywhere. With coefficients in C, this
becomes the complex A; ~sl(2, C) algebra.

Real forms:

i) Coefficients C — R. Restrict them to be real.

=sl(2,R): k=

S O N
= o O
o = O

This is called the split form (or normal). This is the maximal non-compact real form of A;.
ii) maximal comapct case: here su(2). We have to introduce an i somewhere.

H E, F_—FE,;—FE_is compact. Here ( _01 (1) ) which is obviously compact.

H,E,+ E_ non-compact. Multiply by i, then these become compact: iH,i(E++ E_).
This is then su(2).

5[(2,C): this can be viewed as a six-dimensional real algebra:

3
Xesl(2,€): X=>" \T' with ;€ C and T* compact (su(2))

1=1

Ai=a;+1ib;



(iT%) are new generators in the real algebra. We call them U

[T, T7) = 7"
[T, U] =ik Uk
[U7,U7] = —ed*T*

This is the Lorentz algebra, so(1, 3).
=s0(1,3) =sl(2,C).

Note: Consider z* (coordinates in special relativity), and form X =a*0,,0,={1,0;}.

0 3 1 :,.2

XZ( xl +'$2 xo 1363 )
r +1x° x —x
det X = —7,, X X"

Note: Dirac v matrices:
0 o, > -
Y= - y Op= (7ﬂ70-')
g < ou 0 g '

é{')/ua 'Yl/} =2 Umz

w_ [ ota? 0
= 0 ato¥

(7)a%: = A wywT =
SOT(1,3)

Lie algebra: €,,(67)",, w = %Epgv’”. (y") P are invariant matrices (Cl.—Gordan coefficients).
spin X spin = vector.

Killing form (7%, T%) = k% =tr(adre o adqs) ~tr forfP°.

o k=gl

o k(T [T, T¢) = k([T T",T¢) = Theorem £° is unique up to normalization.

adpus (T, T¢) = 0.

Real forms

complex compact split
An—1 sl(n,C) su(n) sl(n,R)

sl(n,R)/K = hyperbolic space. K: maximal compact subgroup (SO(n)).

complex compact split
A1 sl(n,C) su(n) sl(n,R)
Dy, 50(2n),s0(p,q) so(n,n) where p+q¢=2n

Es, E(g,_248), F(s,—24), E(338)
compact
dim = 248



dim = 248. There is a subgroup SO(16) that had dimension 120.

8, 120 + 120 = E,—E_: 120 (SO(16))
Hi E, E_

=1 on H,E; + E_: 128 non-comact.

Chapter 9: Loop algebras

This has many aspects, that are important and come up in different situations. This is related to,
as we will see, affine algebras (det A=0, Kac-Moody). We want to, in a logical way, construct them.

Appear in string theory, leads to CFT in two dimensions. Also in phase transitions (virasoro).
Recall: All finite-dimensional Lie algebras can be related to finite-dimensional matrices.

How do we construct infinite-dimensional Lie algebras, like the affine?

First step: Construct loop algebras.

Consider a finite-dimensional Lie algebra — call it § — with basis B ={T%,a=1,2,...,dimg}.

Now we generalize the sl(2, C) construction as a real Lie algebra: generators T% a=1,2, 3.

X =2,T%=(ag+1b,) T*=a,T*+ b, (1T*) — a six-dimensional Lie algebra.
Generalization: z, — fo(2) where z € S!, z = el = expand f,(z) in terms of mode functions e
ie. fu(2)T*= ZnEZ a2 T = ZnEZ OJ}T; where Ty =T ® 2™.

Note: This way we have maps S* — group.

g(z) =eX fa(H)T"

The loop algebra

C

[T’:u le)] — [Ta ® Zm, Tb ® Zn] — [TU’, Tb] ® Zm—i—n — fabc Tc® Zm-l—n: fu,bc T;L—i-nz fambncp T »

éfambncp :fabc 5m+n,p
This is called @io0p-
Note: The zero-mode algebra is g.

In order to use this algebra in physics we need unitary representations. But (as for the Witt algebra)
it has no such representations. We need to generalize it with a central term.

The way to get an affine algebra out of the loop algebra is to add some generators keeping the
Jacobi indentity.

The affine algebra has a central term (central extension) which the loop algebra does not have. To
see this property in the affine case, recall that the affine Cartan matrix has det A=0. Null vector:
Ad@=0or a;A7"=0. So form

K= Z a; H
i=0
=[K,H|=0

K,Ei =S «[H! E.]=0
(K, EL =Y a 1]

‘ =+ AR



i.e. K commutes with the whole algebra, including itself. It is a central element. Canonical central
element.

Try to get the loop algebra to pick up this property: add a central term (drop tilde)
[T'rtrzw Tg] = fabc TﬁlJrn + (fabi)mnKi

where ¢ runs over the set of K’s, if there are many.

Is this possible without violating the Jacobi? Yes. But some K°® are (a) impossible, and
some “trivial” (b).

(a). (f*%)o0 =0 since g has no such central term.
(b). Redefining 7%, =T, —(f*%)onK® we can put ( f%%)o,=0.

The last case: (f“bi)mnKi. These are not trivial in the above sense. But if nonzero, they must be
tensors in g. We must be able to write this object in terms of tensors in g.

(fabi)mn = "%ab(fi)mn

(fi)mn: mn: antisymmetric. Opy n, M Iptn,0-

(fabi)mn = "%ab( i)mn = ﬁabm 6m+n,0

{ [T'rtrl“n sz)] = fabc Tcm-i—n +m 6m+n,0"€abK
[K,T3]=0

To understand this better we need one more generator D: [D,To]=mTy,, [D,K]=0.

g={Tn,K,D}={g, D}
with Ty, from gj,0p-

The Killing form

R ab 6m+n,0 | 0

O =
N—— —

Matrix ordered as (gioop, K, D).

k(D, D) =0 by assumption.



