2009-09—-21 Lecturer: Bengt E W Nilsson

Chapter 2: Representations & characters

DEFINITION: Matrices satisfying the multiplication table of a group G are called a representa-
tion, often denoted T'(R) for R € G.

ExAMPLE: The group {1, — 1} is a representation of Ds:

1

E.D F —
A B C — —1
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This is an unfaithful representation (i.e., not one-to-one).

DEFINITION: Satisfying the multiplication table means
DEFINITION: The dimension of the representation = the size of the matrices!
Note: A similarity transformation just changes the basis used and thus

F; = 8711—‘1‘8
I, =T}

= Féfgzsflfis s’lF]—s:sflfiFjs: s s =T},

Matrices related by similarity transformations are called equivalent representations.

Note: If '™ and I'® are two (in)equivalent representations, then

(1)
r< rM g )
0o T®

is also a representation (non-equivalent to ™ and F(Q)). But one might get this representation
in a form (after an arbitrary similarity transformation) where this block structure is not
obvious.

DEFINITION: If a representation can be put in block form by a suitable choice of basis then the
representation is reducible, otherwise irreducible.

Question: How can we tell if a representation is irreducible or not?
To find the similarity transformation might be difficult in general (if it exists).
However, the problem will be rather easy if we can find all irreducible representations.

First: Can we express information about a representation that is independent of basis (i.e., is
the same for all equivalent representations)?

The answer is the character.

Recall examples of representations of Ds:

2. BE,D,F—1. A,B,C——1.



3. 2-dimensional matrix representation given in a previous lecture (faithful).

In fact there is another very natural representation of D3 = S35 (permutation group) in terms of
3 X 3 matrices.

1 1 1-2
E= 1 . A= 1 = 221
1 1 353
1 1
B= 1 , C= 1
1 1

Note: The alternative group As C D3 is defined as the set of 3 x 3 matrices of determinant =+ 1.

DEFINITION: Character of representation I'(?):

XD ={X(E), xD(Ay), ... x'V(Ay)}

(9=|G|) where each
I
N4 =TTO(4,) =3 (10(4)))

] e

where [; is the dimension of the representation.
Note: Tr(s~'T's) =Tr(T).

Consider now the character table from the previous representation (1), (2), (3).

Ci1 3Cy 2Cs ¢= (B}
) 1=
r 1 1 1 Co— {4 B.C)
roli1 -1 1 Cs= 1D, F)}
2 o0 -1 ST

Note: Two funny properties of this table:
1. The columns are perpendicular to each other.
2. The rows are perpendicular if using the number of elements as a metric.

This is a general feature that can be proved using the orthogonality theorem.
To prove this theorem we first need two lemmas:

Lemma 1: Any matrix representation with determinant # 0 is equivalent to a unitary represent-
ation.

Proof. Consider any representation A; € G (writing A; instead of T'(A4;) just to speed up
writing) then

H:zg: AAl=HT

i=1
(i.e. H is hermitian). Any hermitian matrix can be diagonalised by a unitary matrix.

3U such that d=U"'HU



where d is diagonal and all d;; are real and positive. (This is an exercise.) Write d in terms of
A; = U_lAiU.

= 1=d7'2Y " AjAffa!/?

Al=U1AU
and hence
Al =d='? ALd'/?
is unitary.
Check:

A;’(AQI)T:d71/2A9d1/2d1/2(A})Td71/2:

:d_l/QA;-dl/Q(d_l/Qz AQAQTd_1/2>d1/2(A9)Td_1/2:

=d=PAy Y A A (4g) a2 =a Y (Al (apa) a2 =

(Rearrangement theorem)

=23 Ap (AL a2 =1, 0
k

Lemma 2: Schur’s lemma.

A matrix which commutes with all matrices in an irreducible representation is constant (propor-
tional to the identity matrix).

Proof. From previous lemma about the unitarity, we may always consider a unitary representa-
tion. Then let M be a matrix such that M A;=A; M VA; € G. Take dagger on this:

ATMT=MTAT
Al = A7'. Take A;(...)A;=

MTA;=A;MT
But then the two hermitian matrices:

Hy =M+ M*, H2:i(M—MT)
also commute with VA;. Next we show that such matrices are constant.
Since H is hermitian there is a unitary matrix U such that
d=U"'HU
= Ald=dA;

where Aj=U"1A,;U. (Check).



In components this reads

(A’L{)Hyduu = dMM(A’L{)uu
= (A'f)u,/(dl’” - duu) =0 VAZ

So if d,, # dyy, then (A{)W =0V, i.e. A’ is in block form (i.e. reducible), and if the representa-
tion is irreducible then d,, =d,, = doc 1. ]

EXAMPLE: Suppose

1
1
1
4= 2
2
2
i.e. d11:d22:d33#d44:d55:d66
X X X
X X X
=vA, A= T
v X X X
X X X
X X X

Lemma 3:

If M exists such that for two irreducible representations I'" and I'¥) of dimension /; and I, and
MTW(A)=TW(A)M VYA,LeG

then (1) if I;#1; then M =0, i.e. IV and TY) are different irreducible representations.

(2) If I; = 1; then M =0 and T and T') are inequivalent representations or det(M) # 0 (I'¥
and I'® are equivalent).

Proof. Similar to the proofs above. O

THEOREM: The Great Orthogonality theorem.

Consider all inequivalent irreducible unitary representations of G denoted F(i)(R), then:

Z (F(i)(R))* (F(j)(R))

g
» :l—i%%a v
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Proof.

First step: Consider two inequivalent representations 'V and T'®. Then

M=) T®(R)XTW(R)
R

where X is an arbitrary matrix. It satisfies

MTM =7@pr



Check:
rees Zr@ SYTAR)XTW(R-HTrM(S-HrM(s) =

=T)(SR)

=Y r®(sR) Xr1>((53)—1) r(8) =
R
(Rearrangement theorem)

=> TORXTO(R-1)TW(S) =MTN(S).
R

This is true for any matrix X, in the definition of M.

But since we assume that I'") and I'® are inequivalent M =0 (by the previous lemma).

May=0=3" 3" (T®(r ) a(TO(RY)) .

R §.v o

Now pick X 5, =0 except for Xp, =1.

= (F@)(R))W(F(l)(R*l)) —0.

R vh

By unitarity this reads

3 (r<2>(R))aﬁ(r<1>(R))* ~0.

R ny

This implies 6/ on the right hand side of the Great Theorem.

Second step: Choose now I'™) and T'®) as equivalent representations:
M=) T(R)XT(R™Y)
R

It can be checked that it commutes with all A; in G. But then by Schur’s lemma M = ¢ 1 for
some constant c.

Then set X =0 except X,,=1.

CupOppr = Z (F(R))W(F(R_l) )pu/

R
The ¢ constant depends on the choice of X. To get ¢,, we sum over pu=p':

CVPZ 5““:2 Z (F(Rfl))pM(F(R))HV:Z lpu:glpu
R “w R

nw
] =(N(R'R)),

= Cup="50up

~|

Unitarity:



So

Combining the two steps the theorem is proved. (]

Implications of the great theorem.

1. Viewing the numbers (I'”(R)),, as components of a set of vectors in a g = |G|-dimen-
sional space and i, u, v enumerate the different vectors.

=Y (L)<

since the left hand side is )", p = all g-dimensional vectors, which are all orthogonal
to each other by the Great Theorem. In fact we will later show that the equality is true:

> W=y
EXAMPLE: |D3| =6 =12+ 12+ 22 is the unique solution as we will see below.
2. Orthogonality for characters:
a. Set p=v (xI'D) and a= 4 (xI'¥)) and >
@O(R)*xU)(R 9s. . — 06,
i;X (R)*x(R Zl o =9g0i;

\,_/

=0uu—1l;

= Z X D(Cr)*xY(Cr) Ni.= g i
%

where IV is the number of elements in Cy.
1) i.e. the rows in the character table are orthogonal.

2) Number of irreducible representations = number of classes.
|D3| =6=12+1%2+22
b. Form the square matrix

X(l)(C1) X(l)(cz)
Q= X(2)(Cl) ..

and consider

1 XD (@) N xP ()N
QIZE XM(C2)" N,

Can check

l) ()
QQ, Z X Ck)XgJ (Cr)™N, kg,

=Q'=Q7"
:>(Q/Q)ij:51]

- O vy =95
zi:X (Cr) x"(Cy) Ok

i.e. the columns in the character table are orthogonal.



