2008-12-01 Lecturer: Martin Cederwall

Isometry: a coordinate transformation z'" = zH + ¢4(x), which we think of as infinitesimal.
The term isometry applies to any transformation that leaves the metric of the same form. The
metric is form invariant under such a transformation. We will, however, only consider con-
tinuous symmetries.

A vector {H(z) with these properties is called a Killing vector, and it satisfies D(,,&v) =0. This is
very restrictive. We will see that soon.

Example: Flat, two-dimensional space. ds?=dz?+ dy?. How do we find the Killing vectors?

]
o'=z+ f(z,y)
y'=y+g(z,y)

fis & and g is &Y. We assume that f and g are small, so that we only need to consider them to
first order. In these coordinates the a ne connection vanishes, so

—1
C0déx=0
x§y+8y§x=0

Three equations for two unknown functions: very restrictive. Looks even over-determined. In
general, in D dimensions, we get D (D + 1)/2 equations for D components of the D-dimensional
vector. Let us use f and g:

1
Cddf=0 = f= f(y), a function of y only.
Egﬁgﬂ) = g=g()

Kg+Oy f=0 = g'(x)+ f'(y)=0

g'(z) depends only on z, f/(y) depends only on y, thus, given the last equation, they must both
be constant. ¢'(z)=—a, f'(y)=a.

N N | N N oy B [ I I
x

f=b+ay, / T 0 1 T

g=c—ax Y - Y -10 Y

b represents moving the coordinate system in the x direction. ¢ represents translation in the y
direction. a represents rotation around the origin. We have three linearly independent solutions
(three parameters). 3 = D (D + 1)/2. The maximal number of isometries in any dimension is
D (D + 1)/2. This may be a simple example, but it illustrates the procedure. With a more com-
plicated metric, this is not trivial.

Example: ds?=dr2+r2dp? — dr’ >+ ' 2d ' 2, with
]

r'=r+ f(r,p)
'=p+g(r, )

1
dr'=dr+0fdr+0¢ fde
de'=de+0rgdr+0¢gdep

Expand to linear order in the functions f and g:

ds?=dr?+2dr (Orf dr+ 0y f d) +r2dp?+2r fdp? + 72" 2dp (Org dr + Dgg d)



We get one equation each for the coe cients of dr?, dp? and drdy. If we want to compare to
the other version, D,&v) = 0, we have have to keep in mind that the functions here are " not
&u- We leave completing the calculation as an exercise. 1

&u, Dpéy. By the Killing equation, this is antisymmetric. D&, = Dyuév. DuDy & will be
determined in terms of &, Dy, as will any higher derivatives of a Killing vector.

For any vector we can write 0= Dy, Dy &). Anti-symmetric in the first means we get curvature
DiuDvén x Rppua® &o. but Rpya® =0
0=6Dj,Dy&\=DpubDyén + DyDa &+ DaDp &y — DDA &y — DyDpéx — DaDy €=
Now, we use the Killing equation: — D&, =+ Dyéa.
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&u and D&y in one point determines £, (x). If it exists.

In some point &,(z) and Dy,évi(zo). That is all information I am allowed to put in. These are
not functions, these are just numbers. Taken in one single point. &.(xo) is D numbers.
D(pévi(zo) is D (D —1)/2 numbers. In total: D (D + 1)/2.

Figure 1. &H(xo) interpreted as a translation. This is drawn in a coordinate system where the a ne
connection vanishes at Xo, 't (Xo) = 0. In such a coordinate system &H(x) ~ at + AH, (X — o)V + -+,
where AH, is antisymmetric. The rotation angle is parametrised by D&,



The universe: Before we try to solve Einstein’s equations, we would like to have a good ansatz.
From a lot of observations, it looks like the universe is

e Homogeneous — “looks essentially the same from every point in space”. Translation: look
at things from a di erent point.

e Isotropic — “looks the same in all directions”. This is symmetry under rotations.

The spatial metric of the universe, at a given time ¢, is maximally symmetric. D (D +1)/2=6
Killing vectors.

DpDvé}\ = Rv)\po o

= DppDybDvéx=—DpRp®va o — Ruaj® Dpiéo

1 1
D[p Dp] Dyén= 5 Rppvc Doéa+ 5 Rpp)\c Dy oo

We will want to use Dy, Ryxp° = 0. We want to get rid of DjpR;)° ya &g, SO that we only have

things containing D&y D&y If it is maximally symmetric, this can be chosen, for some Killing
vector, to be any antisymmetric matrix at any given point. = Expression with R =0.

What we end up with (Weinberg does it in full) is the following:

0= Roupl® 5;\% + Ruapp® 5:1}]

(I cannot draw this conclusion for any space that is less than maximally symmetric.) Contract
this with 46):

O = D Rppvo - Rppvo - ZRV[péﬁ]
where we have used Ry, ° =0 to grey out two terms.
(D —1) Ropvo =2 Ry[pgujo

We can express Riemann in terms of Ricci.

x g'P =
D-DVRw=Rguo—Rys = DRuw=Rguo
Ry = ! R
W=7 Juv
_ 1
Ruvpe = m (9upgve — Guo gvp) R
Remember:

= ]
Dy RW-ZgWR = £-5 ¢"DyR=0

N~

Unless D =2, we have DyR=0,R=0. R=const=— K. (The minus sign: Using Weinberg’s con-
ventions, a space with positive curvature, such as a sphere, has a negative curvature scalar R.)

Given D, K and signature, a maximally symmetric space is unique. We won’t prove this. The
essential information of K is the sign, +,0, —.



Figure 2. Maximally symmetric surfaces embedded in a) Euclidean 3D space, b) Minkowski space.

Strategy: embed D-dimensional space (-time) in a flat space (-time) of dimension D + 1.



