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Problem 4.1.

“Write out the covariant Laplacian DµDµ
≡ gµν DµDν acting on a scalar for a two-

dimensional flat space using polar coordinates.”

Write out the covariant Laplacian DµDµ acting on a scalar field φ for a two-dimensional flat
space.

The covariant derivative

Dµφ = ∂µφ (φ scalar)

DµAν = ∂µAν −Γµν
ρ Aρ (Aν covariant vector field)

For flat two-dimensional space in polar coordinates:

ds2 =dr2 + r2dθ2
⇒ gµν =

(

1 0

0 r2

)

, gµν =

(

1 0

0
1

r2

)

Γθθ
r =− r, Γrθ

θ = Γθr
θ =

1

r

Thus, writing out DµDµ:

Dµ Dµφ= gµνDµDνφ = gµνDµ(Dνφ)= gµνDµ(∂νφ)�
vector

= gµν
(

∂µ∂νφ−Γµν
ρ

∂ρφ
)

=

= grr
(

∂r
2φ−Γrr

ρ
∂ρφ

)

+ gθθ
(

∂θ
2φ−Γθθ

ρ
∂ρφ

)

= grr
(

∂r
2φ
)

+ gθθ
(

∂θ
2φ−Γθθ

r ∂rφ
)

=

= ∂r
2φ +

1

r2

(

∂θ
2φ + r ∂rφ

)

=

[

∂r
2 +

1

r
∂r +

1

r2
∂θ

2

]

φ

Problem 4.3

“Calculate the curvature tensor, the Ricci tensor Rµν and the curvature scalar R

on the surface of a two-sphere of radius a embedded in a Euclidean three-dimen-
sional space.”

Calculate R µνκ
λ , Rµν, R for Sa

2. From before

gµν = a2

(

1 0

0 sin2θ

)

, gµν =
1

a2

(

1 0

0 csc2θ

)

Γϕϕ
θ =− sin θ cos θ, Γϕθ

ϕ =Γθϕ
ϕ = cot θ

The Riemann tensor:

R µνκ
λ = ∂κΓµν

λ
− ∂νΓµκ

λ +Γµν
ρ Γρκ

λ
−Γµκ

ρ Γρν
λ

R ϕθϕ
θ = ∂ϕΓϕθ

θ
− ∂θΓϕϕ

θ + Γϕθ
ρ Γρϕ

θ�
=Γϕθ

ϕ Γϕϕ
θ

−Γϕϕ
ρ Γρθ

θ =

=−
(

sin2θ − cos2θ
)

+
cos θ

sin θ
(− sin θ cos θ) =− sin2θ

Rθϕθϕ = gθθR ϕθϕ
θ =− a2 sin2θ = Rϕθϕθ

Rϕθθϕ = Rθϕϕθ =−Rθϕθϕ = a2 sin2θ

Rθθ∗∗=Rϕϕ∗∗= R∗∗θθ =R∗∗ϕϕ =0
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The Ricci tensor:

Rµν = R µρν
ρ = gρσ Rσµρν = gρσRρνσµ = Rνµ (symmetric)

Rθθ = gρσRσθρθ = gϕϕ Rϕθϕθ =
1

a2 sin2θ

(

− a2 sin2θ
)

=− 1

Rϕϕ = gθθ Rθϕθϕ =
1

a2

(

− a2 sin2θ
)

=− sin2 θ

Rθϕ = Rϕθ = gρσRσϕρθ = gϕϕRϕϕϕθ = 0

Rµν =

(

− 1 0

0 − sin2θ

)

The curvature scalar

R = Rµ
µ = gµνRµν = gθθRθθ + gϕϕRϕϕ =

1

a2
(− 1)+

1

a2sin2θ
(− sin2θ) =−

2

a2

Note: in two dimensions Rλ
µνκ has only one independent component, and there is a simple rela-

tion between Rλ
µνκ and R (Weinberg, page 143)

Rλµνρ =
1

2
R (gλν gµρ − gλρgµν)

For S2:

Rθϕθϕ =
1

2

(

−
2

a2

)

(

gθθ gϕϕ − gθϕgθϕ

)

=−
1

a2

(

a2
· a2 sin2 θ

)

=− a2 sin2 θ

This worked out OK.

Problem 3.4

“Perform a parallel transport of a contravariant vector along a ‘latitude’ on a two-
sphere.”

A vector Aµ(τ ) defined over some path xµ(τ ) is said to be parallel transported along xµ(τ ) if
the vector satisfies

DAµ

Dτ
=

dAµ(τ )

dτ
+Γρσ

µ dxρ

dτ
Aσ = 0 (1)

For S2 we have

Γϕϕ
θ =− sin θ cos θ, Γϕθ

ϕ =
cos θ

sin θ

Study the components of (1):

µ = θ:

dAθ

dτ
+Γρσ

θ dxρ

dτ
Aσ =

dAθ

dτ
+ Γϕϕ

θ dxϕ

dτ
Aϕ =

dAθ

dτ
− sin θ cos θ ϕ̇Aϕ (2)

µ = ϕ:

dAϕ

dτ
+ Γρσ

ϕ dxρ

dτ
Aσ =

dAϕ

dτ
+Γθϕ

ϕ
(

ϕ̇ Aθ + θ̇ Aϕ
)

=
dAϕ

dτ
+

cos θ

sin θ

(

ϕ̇ Aθ + θ̇ Aϕ
)

= 0 (3)

Let Ã
ϕ

= sin θ Aϕ
⇒

dÃ
ϕ

dτ
= cos θ θ̇ Aϕ + sin θ

dAϕ

dτ
(4)
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(3) and (4)⇒






dAθ

dτ
= cos θ ϕ̇ Ã

ϕ

dÃ
ϕ

dτ
=− cos θ ϕ̇ Aθ

A latitude is a circle on S2 with θ = θ0 = constant. The natural way to parametrise a latitude is
to use τ = ϕ as the parameter

⇒











dAθ

dϕ
= cos θ0Ã

ϕ

dÃ
ϕ

dϕ
=− cos θ0A

θ

⇒
d2Aθ

dϕ2
+ cos2θ0 Aθ = 0

This equation can be solved to obtain Aθ(ϕ) and Ã(ϕ).

⇒







Aθ(ϕ)= C1 cos(cos θ0 ϕ) +C2 sin(cos θ0 ϕ)

Ã
ϕ
(ϕ)=

1

cos θ0

dA0

dϕ
=−C1 sin(cos θ0 ϕ)+ C2 cos(cos θ0 ϕ)

To see how parallel transport affects a vector

Aµ =(Aθ, Aϕ)= eθ, i.e.Aθ = 1, Aϕ = 0 at ϕ= 0

Aθ(ϕ= 0) =C1 = 1

Ã
ϕ
(ϕ= 0) =C2 = 0

⇒

{

Aθ(ϕ)= cos(cos θ0 ϕ)
Aϕ(ϕ)=− sin(cos θ0ϕ)/sin θ0

After one orbit along the latitude θ = θ0

Aθ(ϕ= 2π) = cos(cos θ0 · 2π)� 1 in general

Aϕ(ϕ =2π)=−
1

sin θ0
sin(cos θ0 · 2π)� 0 in general

⇒The vector Aµ has acquired a nonzero ϕ-component ⇒Curvature!

Note: θ0 = π/2⇒Aθ(2π)= 1, Aϕ(2π) =0. The reason is that θ0 = π/2 is a geodesic.

A few words on action.

The action of a free particle in curved space-time: Parametrise the trajectory with λ. The action

is A =
∫

dτ =
∫

dλ
dτ

dλ
=
∫

− gµνẋ
µẋν

√

dλ. For a massive particle we can use τ as our para-
meter.

A=

∫

− gµνẋ
µẋν

√�
L=1

dτ

⇒L= 1,
dL

dτ
=0
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Let L′= L2 =− gµνẋ
µẋν. Euler-Lagrange:

d

dτ

(

∂L′

∂ẋµ

)

−
∂L′

∂xµ =
d

dt

(

2 L
∂L

∂ẋµ

)

− 2L
∂L

∂xµ = 2
dL

dt

∂L

∂ẋµ�
=0

+ 2L

[

d

dτ

(

∂L

∂ẋµ

)

−
∂L

∂xµ

]

= 0

⇒L′=− gµνẋ
µẋν can be used as the Lagrangian.

Problem 3.3

“Determine all time-like and light-like geodesics for the two-dimensional metric
dτ2 = t4dt2− t2d2.”

Time-like: (massive particles). We use τ as the parameter.

L=− gµν
dxµ

dτ

dxν

dτ
= t4 ṫ2

− t2ẋ2 = 1

Euler-Lagrange for x:

∂L

∂x
=0,

∂L

∂ẋ
=− 2 t2 ẋ

d

dτ

(

∂L

∂ẋ

)

= 0 ⇒ ẋ =
C1

t2
for a constant C1

Two cases: C1 =0: ẋ = 0⇒x= C2. From the Lagrangian

1= t4ṫ2
− 0

⇒ ṫ =
dt

dτ
=±

1

t2
⇒ t2dt =± dτ

⇒
1

3
t3 =± τ +

1

3
C3 ⇒ t = (± 3τ +C3)

1/3

C1� 0:

ṫ =
dt

dτ
=

dx

dτ

dt

dx
= ẋ

dt

dx

From the Lagrangian:

1 = t4ṫ2
− t2ẋ2 =

(

t4
(

dt

dx

)2

− t2

)

ẋ2 =C1
2

(

dt

dx

)2

−C1
2 1

t2

⇒

(

dx

dt

)2

=

(

1

C1
2 +

1

t2

)

−1

∫

dx=±

∫

dt

(

1

C1
2 +

1

t2

)

−1/2

=±

∫

dt
t

(

1 +
t2

C1
2

)1/2

⇒x(t) =±C1

(

1 +
t2

C1
2

)1/2

+ C4

Light-like: (massless particle)

dτ2 = t4dt− t2dx2 =0

⇒

(

dx

dt

)2

= t2 ⇒
dx

dt
=± t

⇒x(t)=±
1

2
t2 + C5
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