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Problem 4.1.

“Write out the covariant Laplacian D, ,D* = ¢g** D,D, acting on a scalar for a two-
dimensional flat space using polar coordinates.”

Write out the covariant Laplacian D,D* acting on a scalar field ¢ for a two-dimensional flat
space.

The covariant derivative
D,p=0,¢ (¢ scalar)

DA, =0,A, —-T},A, (A, covariant vector field)

For flat two-dimensional space in polar coordinates:
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ds?=dr?+1r%d6? = g,ul/( 0 r2 )7 gt ( 0 %)
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Thus, writing out D,D#:

D,u D#Q/) = g'LWD,uDV@b = gle,u(Dvgb) = g'uVD,u(au(b) = guy(auau(b - le/ap(b) =
——

vector

= 9”(53¢ - Ffﬁpaﬁ) + g% (980 —T5e0,0) = g""(02¢) + 9% (93¢ — The0r0p) =
2 19 5 1 1
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Problem 4.3

“Calculate the curvature tensor, the Ricci tensor R,, and the curvature scalar R
on the surface of a two-sphere of radius a embedded in a Euclidean three-dimen-
sional space.”

Calculate R)‘Wm R,., R for S2. From before

a2 L0 gw_L(1 0
i 0 sin20 )’ a2\ 0 csc?

If,=—sinfcosf, I'%y=TF =coth
The Riemann tensor:
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R = 0xl iy = 0L + T3, T ok = T T
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Rpop = a«P}(s@@ Loy + TooTop Fsa/FPG -
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—si — _gin2
sin9( sin 0 cos 0) sin“g

= — (sin®f — cos®0) +
Rgg,gip = gggR%GQP = — a2 sin29 = Rg,gg,g

202
Ry00p = Roppo = — Ropo, = a”sin“f
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The Ricci tensor:

R,=R" =g’ Ropo=9"°R,5n=R,, (symmetric
H mpv np prop iz

1 .
Rog= gpaRGQPQ = gt,atp R«p@cp@ = m ( —a? sm29) =—1
Ryp= 900 Ryp0,= %( —a? sin29) = —sin24

Rop=Rpo= 9" Roppo = g*¥Rpppo =0

-1 0
RW_( 0 sin29)

The curvature scalar

(—sin20) = — =

1
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Note: in two dimensions R* uve has only one independent component, and there is a simple rela-
tion between R*,,, and R (Weinberg, page 143)

1
R/\;wp = 5 R (g)\ug,up - g/\pg;w)
For S2:

1 2 1 . .
Rovor =5 ( - F)(Qeegw - gegygew) =— ?( ?.a*sin?0) = — a®sin? 0
This worked out OK.

Problem 3.4

“Perform a parallel transport of a contravariant vector along a ‘latitude’ on a two-
sphere.”

A vector AH(7) defined over some path z#(7) is said to be parallel transported along z#(7) if
the vector satisfies

DA*  dAM(t) | L dzf
Dr ~  dr +F”"WA =0 (1)
For S? we have
0 . __cosf)
Iy, =—sinfcosb, Fi@isin@
Study the components of (1):
n=20:
dA? dz’ dA? dxz¥ da? | .
¥+Fig%A”: . +17%, (?T AP = . —sinfcosfp A¥ (2)
= p:
dA® o da? , dAY o 0 e dA¥ cosbr g s 0
T G AT = TR (9 A 047 ) =T (A0 +6.47) =0 3)
Let A”=sinf A¢ =
e . @
d :COSHOA‘/’—i—sinG% (4)



(3) and (4) =
%zCOS@cﬁAw
%z—cos@gb/le

A latitude is a circle on $? with § = §y = constant. The natural way to parametrise a latitude is

to use 7 = ¢ as the parameter

dAe ~
L —cosfpA”

de
= T
d(f; = — cos fpA?
QAG
= 1.2 +cos?0 AP =0

This equation can be solved to obtain A%(¢) and A(y).

A9 (p) = C1 cos(cos by @) + Casin(cos Oy )
- A%(p) L4 o sin(cos 0y ) + C cos(cos O @)

= cos By de

To see how parallel transport affects a vector
At = (A% A¥) =€y, ie. A?=1,A¥=0at p=0
A9(<p:0)201:1

AP (p=0)=Cy=0

N A?(p) = cos(cos Oy )
A?(p) = —sin(cos bpy) /sin Oy

After one orbit along the latitude 6 =6

A(p =2m) =cos(cos - 2m) # 1 in general

AP(p=21)=— 511390 sin(cos 0y - 27) £ 0 in general

= The vector A* has acquired a nonzero p-component = Curvature!

Note: g =1m/2= A%(21) =1, A¥(2m) =0. The reason is that fy=/2 is a geodesic.

A few words on action.

The action of a free particle in curved space-time: Parametrise the trajectory with A. The action
is A= [ dr=[ dA % = [ /= guati?d\. For a massive particle we can use 7 as our para-

meter.
A:/ v = guatEvdr
————
LZ1



Let L'=L?=— g,,2"2". Euler-Lagrange:

! I
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dr\ 927 )~ dar A\ "7 Bir de At Ox dr\ 9ir )~ Bat
>
= L'=— g,,2"2" can be used as the Lagrangian.
Problem 3.3

“Determine all time-like and light-like geodesics for the two-dimensional metric
dr? =t'de® — 12d>”

Time-like: (massive particles). We use 7 as the parameter.

dz# da” .
L=—g,, — ——=t4?—t%2=1
I =37 dr *
Euler-Lagrange for z:
OL oL

- = 92t%y
ox 0, oz e

d/oL\ . Ch
d—7<%>0 ixft—Q for a constant C;

Two cases: C1 =0:2 =0= 2= C5. From the Lagrangian

1=t%?—0
- dt 1
= =4 = 2dt =+
=1t - tQ:tdt dr

:%ﬁ:iwrécg S t=(+37+C5)"*

ClﬁéO:
_dt dxdt . dt
Td drdr A
From the Lagrangian:

- dt \? dt \? 1
4452 2.9 [ gaf AU\ o) io o2f AU} 2 L
dz \? 1 1\ !
:(7) —(Ff+t‘2)
1 1\ t
1 (1+2)

Light-like: (massless particle)
dr?=t'dt — t?dz? =0
dz \? 9 dz
_ — = — 4
= ( L ) pos By

¢z(t):i%t2+c5



