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1. Proper time dτ is defined by

dτ2≡dt2−dx2 =− ηαβ dxα dxβ

where we are working in units where c =1. α =(0, i). We are using the metric

ηαβ =









− 1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









A Lorentz transformation is a coordinate transformation xα ,LT x′α = Λ β
α xβ + aα, where Λ β

α

obeys ηαβ = Λ α
γ Λ β

δ ηγδ. For differentials dxα we have dxα,LT dx′α = Λ β
α dxβ.

⇒ dτ2,LT dτ ′ 2 =− ηαβ dx′α dx′β =− ηαβ Λ γ
α Λ δ

β dxγ dxδ =− ηγδ dxγ dxδ ≡ dτ2

dτ ′ 2 = dτ2⇒ dτ is invariant under Lorentz transformations.

Note: For 4-vectors xα = ηαβxβ⇒

α =0: x0 = η00x0 =− x0

α = i: xi = ηiβxβ = ηiixi [no sum over i] = xi

2) Standard Lorentz boost














t′= γ(v) · (t− v x)
x′= γ(v) · (x− v t)
y ′= y

z ′= z

We can think of xα as a column vector and Λ β
α as a matrix, with α enumerating the rows, β the

columns.

xα =









t

x

y

z









,LT x′α =









t′

x′

y ′

z ′









=Λ β
α xβ =









γ − v γ 0 0
− v γ γ 0 0

0 0 1 0
0 0 0 1

















t

x

y

z









The Lorentz factor γ is defined

γ ≡ dt

dτ
=

(

dτ2

dt2

)

−1/2

=

(

1−
∑

i

(

dxi

dt

)2
)

−1/2

=
(

1− v2
)−1/2

=
1

1− v2
√

For arbitrary v = vi:






















Λ 0
0 = γ

Λ i
0 =− viγ

Λ 0
i =− viγ

Λ j
i = δj

i + vi vj
(γ − 1)

v
2

The Lorentz transformation condition ηαβ = Λ α
γ Λ β

δ ηγδ.

1



α = β = 0:

Λ 0
γ Λ 0

δ ηγδ = Λ 0
0 Λ 0

δ η0δ + Λ 0
i Λ 0

δ ηiδ = Λ 0
0 Λ 0

0 +
∑

i

Λ 0
i Λ 0

i ηii = γ2(− 1) +
∑

i

(− viγ)
2(+ 1)=

=− γ2
(

1− v2
)

=− 1= η00

α =0, β = i.

Λ 0
γ Λ i

δ η0γδ = Λ 0
0 Λ i

δ η0δ + Λ 0
j Λ i

δ ηjδ =Λ 0
0 Λ i

0 η00 +
∑

j

Λ 0
j Λ i

j ηjj =

= γ(− viγ)(− 1)+
∑

j

(− vj γ)

(

δij + vivj
(γ − 1)

v2

)

=

= γ2 vi − viγ −
∑

j

(vj)
2 · 1

v2�
=1

vi (γ − 1) γ = vi

(

γ2− γ − γ2 + γ
)

= 0 = η0i

The metric is symmetric ⇒Λ i
γΛ 0

δ ηγδ = 0 = ηi0.

α = i, β = j: Λ i
γ Λ j

δ ηγδ =� = δij⇒The transformation condition ηαβ =Λ α
γ Λ β

δ ηγδ.

Λαβ = ηαδΛ β
δ =









− 1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

















γ − v γ 0 0
− v γ γ 0 0

0 0 1 0
0 0 0 1









=









γ v γ 0 0
− v γ γ 0 0

0 0 1 0
0 0 0 1









.

3) “Suppose that a particle is moving with velocity u at an angle θ from the x-axis in the xy-
plane of a system S. What is the corresponding angle θ ′ in a system S ′ moving with velocity v

in the x-direction relative to S?”

Let Uα be the 4-velocity of the particle

Uα≡ dxα

dτ
=

dt

dτ

dxα

dt
= γ · dxα

dt
= γ (1, vx, vy, vz)

Write down Uα annd U ′α:

Uα = γ(u) · (1, u cos θ, u sin θ, 0) in S

U ′α = γ(u′) · (1, u′ cos θ ′, u′ sin θ ′, 0) in S ′

Since Ua is a 4-vector, these are related thorugh the Lorentz transformation connecting S and
S ′.

U ′α =Λ β
α U β where Λ β

α =









γ(v) − v γ(v) 0 0
− v γ(v) γ(v) 0 0

0 0 1 0
0 0 0 1









α =0:

γ(u′)= U ′ 0 =Λ β
0 U β = Λ 0

0 U0 + Λ 1
0 U1 = γ(v) γ(u)+ (− v γ(v)) γ(u) u cos θ

Rather useless for determining θ ′, since θ ′ does not enter into this expression.

2



α =1:

γ(u′) u′ cos θ ′=U ′ 1 = Λ β
1 Uβ = Λ 0

1 U0 + Λ 1
1 U1 =(− v γ(v)) γ(u)+ γ(v) u cos θ γ(u)=

= γ(v) γ(u) (u cos θ − v) (1)

α =2:

γ(u′)u′ sin θ ′= U ′2 = Λ β
2 U β = Λ 2

2 U2 = γ(u)u sin θ (2)

Divide (1) by (2) to determine θ ′:

⇒ tan θ ′=
u sin θ

γ(v)(u cos θ − v)

4. “We have two rockets, A and B, moving in some system S with velocities u and v, respect-
ively. Findd therelative velocity of B in A’s reference frame!”

Let Uα be the 4-velocity of A, and V α be the 4-velocity of B.

Form the Lorentz scalar (Lorentz invariant):

UαVα = ηαβ Uα V β

This has the same value in any frame ⇒we can choose any frame!

We choose the rest frame of A: Uα = (1, 0). In this frame the 4-veolocity of B is V α = γ(vrel)(1,
vrel)

⇒UαVα = ηαβ UαU β = η00U
0V 0 =(− 1) · 1 · γ(vrel)=− 1

(

1− vrel
2
)1/2

⇒ (UαVα)
2 =

1

1− vrel
2

⇒|vrel|=
(

1− 1

(UαVα)2

)1/2

Measure the veolocities Uα, V α in any frame to get UαVα |vrel|.
5. “Show that







∂

∂xα
Fαβ =− Jβ

εαβγδ ∂

∂xβ
Fγδ = 0

are the usual Maxwell equations.”

The electromagnetic field strength tensor Fαβ =−F βα, F 0i = Ei, F ij = εijk Bk

Fαβ =









0 E1 E2 E3

−E1 0 B3 −B2

−E2 −B3 0 B1

−E3 B2 −B1 0









The first equation:

∂αFαβ =−Jβ

β =0:

∂0F
00 + ∂iF

i0 =− J0 ⇒ ∂0(0) + ∂i

(

−Ei
)

=− ε ⇒ ∂iE
i = ε ⇒ ∇·E = ε
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β = j:

∂0F 0 j�
=Ej

+ ∂i F ij�
=εijkBk

=− J j ⇒ ∂0E
i − εijk∂i Bk =− jj

⇒ ∇×B = j +
∂E

∂t

The second equation:

εαβγδ∂βFγδ =0

α =0:

0 = ε0ijk∂iFjk = ε0ijk ∂i(εjklBl)= ε0ijkεjkl ∂iBl = 2 δ l
i ∂iBl ⇒ ∂iB

i =0

∇ ·B = 0

α = i:

0= εijk0 ∂jFk0 + εij0k ∂j F0k + εi0 jk∂0Fjk =2 εij0k∂j F0k�
−Ek

+ εi0jk∂0 Fjk�
εjklBl

=

=− 2εij0k∂jEk − ε0ijkεjkl�
=2δ l

i

∂0Bl =− 2 ε0ijk∂jEk − 2 δ0Bi

⇒ ∇×E =− ∂B

∂t
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