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1. Proper time dr is defined by
dr?=dt? — da? = — napdr® da?
where we are working in units where c=1. a=(0,7). We are using the metric
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nllﬁ = 1

A Lorentz transformation is a coordinate transformation 2@ £ /% = A% 2P 4+ a®, where A%
obeys Nas= ALA% 1. For differentials da® we have dze 3 da'® = A% da?.

—=dr2Bar?=— Napdz’® dz'’ = — Nas A% AB& dz7da’ = — 5 dz? dad = dr?

dr’?=dr2=dr is invariant under Lorentz transformations.
Note: For 4-vectors = n*Fz 5=
a=0: 2°=n"24=—x
a=i: x'=nrs=n'r;[no sum over i| = z;

2) Standard Lorentz boost

We can think of z* as a column vector and A% as a matrix, with o enumerating the rows, 3 the
columns.
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The Lorentz factor v is defined
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For arbitrary v=v"
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The Lorentz transformation condition 745 = A%, A%n.,s.
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The metric is symmetric = A’;Aaonw; =0="n;p.

a=i,f=7: A A‘Sj N6 = ... = 0;; = The transformation condition n.s=A", A‘Sﬁ Nvs-
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3) “Suppose that a particle is moving with velocity w at an angle 6 from the z-axis in the xy-
plane of a system S. What is the corresponding angle 6’ in a system S’ moving with velocity v
in the z-direction relative to S7”

Let U® be the 4-velocity of the particle

dz® dt dz®  da“
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Write down U® annd U’
U*=~(u)-(1,ucosf,usind,0) in S
U'“=~(u')-(1,u'cos@’,u'sin0’,0) in S’

Since U*® is a 4-vector, these are related thorugh the Lorentz transformation connecting S and
S’

y(w)  —vy(v)
U/a:AaﬁUﬂ Where Aaﬁ: 71}7(’0) ,Y(’U)

~(u') :U’O:A%UB:AOU U+ A%UY =~ (v) y(u) + (—vy(v))y(u) ucosd

Rather useless for determining 6’, since 6’ does not enter into this expression.



y(u)u cos'=U"" = ANgUP =AU+ AL U = (—vy(v) y(u) +v(v) wcos 0 y(u) =

— () () (ucos 0 — v) 1)
a=2:
~y(u')u’ sin@':U'2:A25UB:A22U2: ~(u) usin@ (2)
Divide (1) by (2) to determine 6”:
= tanf’ = using

~v(v)(ucos —v)
4. “We have two rockets, A and B, moving in some system S with velocities u and v, respect-
ively. Findd therelative velocity of B in A’s reference frame!”
Let U® be the 4-velocity of A, and V¢ be the 4-velocity of B.

Form the Lorentz scalar (Lorentz invariant):
UVo = 10U VP

This has the same value in any frame =-we can choose any frame!

We choose the rest frame of A: U*= (1, 0). In this frame the 4-veolocity of B is V* = y(v.a1)(1,
vrel)

= UV =0aUUP =np0UVO=(—1)-1-v(vpel) = —
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Measure the veolocities U%, V* in any frame to get UV, ~ |vyel|.

5. “Show that
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are the usual Maxwell equations.”

The electromagnetic field strength tensor F*8 = — [fe FOi = pi [ii =¢iik By
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Fob =

The first equation:
OB =—Jb

B=0:

60F00+6iFi0:—J0 = 60(0)+6i(—Ei):—€ = aiEi:E = V-E=c¢
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The second equation:
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0= EOijkaiij = EOijk ai(Ejlel) = EOijkEjkl aiBl =2 511 &'Bl = aiBi =0

V-B=0
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