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H=H0⊕H1⊕�
aλ
† |nλ, n1,� , nk〉= |nλ + ξ |

√

|(nλ + 1), n2,� 〉

aλ|nλ, n1,� , nk〉= nλ
√ |(nλ − 1), n2,� 〉

For bosons:

[bλ, bλ′

† ] = δλλ′

For fermions:

cλ
† |0〉= |1λ〉, cλ

† |1λ〉= 0

cλ|0〉= 0, cλ|1λ〉= |0〉

cλ cλ
† |0〉+ cλ

†
cλ|0〉= |0〉

cλcλ
† |1λ〉+ cλ

†
cλ|1λ〉= |1λ〉

cλ cλ
† + cλ

†
cλ = 1

{cλ, cλ′

† }= 1 δλλ′

[

aλ, aλ′

†
]

ξ
= δλλ′

Bosons:

|nλ〉









|0〉
|1〉
|2〉
 







bλ
† |nλ〉 — what matrix is that?















0 0 0
1 0 0

0 2
√

0
 0 3
√

0 
 























|0〉
|1〉
|2〉
 







Fermion:

cλ
† =

(

0 0
1 0

)

, cλ =

(

0 1
0 0

)

Unitary transformation.

1



Fermions + Bosons

aλ =
∑

λ′

Uλλ′ âλ′

(

c↑
c↓

)

=

(

U11 U12

U21 U22

)

(

c↓
′

c↑
′

)

cλ
† =U11

∗ c↓
′ †+U12

∗ cλ
′ †

aλ
† =
∑

λ

Uλλ′

∗ âλ′

Check:

aαaβ
† ± aβ

†
aα2? δαβ

UαλUβλ′

†
(

âλ α̂λ′

† ± âλ′ α̂λ

)�
=δλλ′

2? δαβ

∑

λλ′

UαλUλ′β
†
δλλ′ = δαβ (UU †= 1)

⇒ canonical transformation

aλ′ aλ
† − ξaλ

†
aλ′ = δλλ′

What if ξ was a complex number? When we take the Hermitian adjoint there will be a problem.

We need some algebra. Bosons:

[bλ
†
, bλ′

†
bλ′] = bλ′

†
[

bλ
†
, bλ′

]

=− bλ
†
δλλ′

Fermions:

[

cλ
†
, cλ′

†
cλ′

]

= cλ
†
cλ′

†
cλ′− cλ′

†
cλ′ cλ

† =

=− cλ′

†
cλ
†
cλ′− cλ′

†
cλ′ cλ

† =− cλ′

†
(

δλλ′− cλ′cλ
†
)

− cλ′

†
cλ′cλ

† =− cλ′

†

Thus, for both bosons and fermions,

[aλ
†
, nλ′] =− aλ

†
δλλ′

H |λ〉= ελ |λ〉 (single particle Hamiltonian):

H |n1, n2,� , nk〉=(n1ε1 +n2ε2 +� +nkεk) |n1,� , nk〉

H =
∑

k

nk εk =
∑

k

ak
†
ak εk =H

Second quantisation.
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Bosons

[

bλ
†
, bλ′

†
bλ′

]

= bλ′

†
[

bλ
†
, bλ

]

=− bλ
†
δλλ′

i~
daλ

†

dt
=
[

aλ
†
, H
]

=
∑

λ′

ελ′

[

aλ
†
, aλ′

†
aλ′

]

=
∑

λ′

ελ′

(

− aλ′

†
)

δλλ′ =− ελ aλ
†

aλ
†(t) = eiελt/~ aλ

†

H =
∑

n

εncn
†
cn

cn =
∑

nx

Unx cx =
∑

x

〈λ|x〉 cx

Uλx≡〈λ|x〉

HN =
∑

λxy

ελ〈λ|x〉∗ cx† 〈λ|y〉cy =
∑

xy

cx
†cy

∑

λ

〈x|λ〉ελ〈λ|y〉=
∑

xy

〈x|H1|y〉

In real space representation:

H =
∑

xy

cx
†〈x|H |y〉cy

H =
∑

xy

cx
† ~

2

2m

∂2

∂x2
cx +

∑

x

V1(x) cx
†
cx

=
∑

p

cp
†
cp

p2

2m
+
∑

pp′

Ṽ1(p− p′) cp
†
cp′

∑

x

V (x) cx
†
cx =

∑

xpp′

V (x)cp
†
cp′ 〈p|x〉〈x|p′〉=

=
1

2π~

∑

xpp′

V (x)cp
†
cp′ · eip·x/~ · e−ip′·x/~ =

∑

pp′

cp
†
cp′

(

1

2π~

∑

x

eix(p−p′)/~V (x)

)

Hcp
† =

p2

2m
cp
† +
∑

p′

Ṽ (p− p′) cp′

†

Interactions

V =
1

2

∑

xy

V (x− y) (nxny −nxδxy)�
number of pairs that interact

=
1

2

∑

xy

V (x− y)cx
†
cxcy

†
c− δxy cx

†
cx =

1

2

∑

xy

V (x− y)
(

ξcx
†
cy
†
cx cy + cx

†
δxy cy − δxycx

†
cx

)

=

=
1

2

∑

xy

V (x− y) cx
†
cy
†
cycx

3



This is normal ordered.

|0〉= zero particles

|1〉=
∑

x

ψ(x) cx
† |0〉

|2〉=
∑

x

ψ(x, y) cx
†cy

† |0〉

V |0〉= 0

|3〉=
∑

xyz

ψ(x, y, z)cx
† cy

†cz
†|0〉

Interacting Hamiltonian

H =
∑

αβ

〈α|H |β 〉cα†cβ�
free part

+
1

2

∑

αβδγ

〈αβ |V |γδ〉cα† cβ
†
cγ cδ�

interactions

Fourier transform

V =
1

2

∑

xy

V (x− y) cx
†
cy
†
cycx

V =
1

2

∑

pqk

V (k)cp+k
†

cq−k
†

cq cp
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